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Optimal Resource Allocation for
Data Service in CDMA Reverse Link

Danlu Zhang, Member, IEEE, Seong-Jun Oh, Member, IEEE, and Naga Bhushan

Abstract— The optimal resource allocation policy is studied
for non-real-time users in CDMA reverse link. The resource
allocation policy of interest includes channel coding, spreading
gain control and power allocation under the conventional receiver
operation. The constraints in the optimization include peak
transmit power of the mobile station, total received power at the
base station and QoS in the form of minimum SINR for each user.
The coding and spreading gain control can be separated from
the power allocation strategy. Our results show that the optimal
power allocation policy depends on the objective function: a
greedy policy is optimal to maximize the sum of throughput
from each user, whereas a fair policy is optimal to maximize
the product of throughput from each user. A unified approach
is taken to derive the optimal policies, and it can also be
applied to other power allocation problems in CDMA reverse
link. Numerical results of the channel capacity are presented for
both objectives along with the effect of QoS constraints.

Index Terms— Code division multiaccess, information rates,
land mobile radio cellular systems, nonlinear programming,
resource management.

I. INTRODUCTION

D IRECT Sequence-Code Division Multiple Access (DS-
CDMA) has been adopted as the core technology for

multiple 3G cellular systems [1], including W-CDMA and
CDMA2000. These 3G systems provide a wide variety of
different communication services, such as real-time services
including voice, video, and non-real-time or delay-tolerant
data services including web-browsing, ftp, e-mail, etc. Since
the multiple users interfere with each other in CDMA systems
[2], it is crucial to allocate and control the power and rate
of each user. For those using the non-real-time services,
their delay tolerance can be exploited to enhance system
performance.

In this paper, we consider the optimal resource allocation
policy for the non-real-time users in DS-CDMA reverse link.
It includes the allocation of the users’ transmit power, the
allocation of the users’ rate through the spreading gain control
and the selection of the channel coding for error detection or
error correction. The objective is to optimize system perfor-
mance on the basis that each user’s Quality-of-Service (QoS)
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requirement is satisfied and the total interference to the real-
time users in the same cell/sector.

The resource allocation in CDMA systems has captured
considerable attention during the past years. Hanly and Tse
provided a survey in [3] on the characterization of the capacity
region, i.e., the capacity vector consisting of the achievable
throughput for each user, and the corresponding power con-
trol. In our work, we are more interested in optimizing the
performance of the entire cell/sector instead of that of each
individual user. One important objective in optimizing system
performance is to maximize the total sector/cell throughput
or the spectral efficiency. In [4], the information theoretical
bounds are maximized. In [5], the asymptotically optimal
power allocation is obtained when the number of users ap-
proach infinity. A common feature in the previous work on
this issue, including [4] and [5], is that the advanced multi-user
detection [6] is assumed at the receiver. Since the advanced
multi-user detection has not been implemented in any of
the current and proposed 3G DS-CDMA systems due to its
computational complexity, we do not assume it in our work.
Similar to this work, the throughput maximization based on
the common matched-filter receiver is studied in [7], but its
formulation is restrictive since only the spreading gain control
is considered.

Apart from maximizing the total throughput, in a more
general form, optimal resource allocation should be designed
to maximize the sum of utility functions from each user. Utility
functions are formally defined in microeconomics [8] and can
be intuitively understood as a quantitative description of the
users’ satisfaction. Maximization of the total throughput is
one special case of this general formulation where the utility
function is simply the throughput. Although there has been no
consensus on the exact form of the user’s utility as a function
of its throughput, it is widely recognized that for a delay-
tolerant data user, or an "elastic user" according to Shenker in
[9], such a function should be increasing, concave and contin-
uously differentiable. Kelly proposed using the logarithm as
the utility function in [10], and it leads to the “proportional
fair" rate allocation policy in the wired network. Since then,
this function and the proportional fair design have been studied
in various problems in the wired networks [11], [12]. In the
context of wireless networks, the proportional fair principle
has been adopted in the forward link scheduler design in the
CDMA2000 1xEV-DO(1x EVolution Data Optimized) high
speed packet data system [13]. A similar idea has been applied
to the CDMA2000 reverse link in [14], but it requires the mul-
tiple users be Time-Division-Multiplexed(TDM) rather than
Code-Division-Multiplexed(CDM). Thus significant signaling
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overhead must be added and backward compatibility can be
lost. One of the results in this paper shows the proportional
fair allocation for the reverse link on the CDM basis.

In this paper, we formulate the optimal resource alloca-
tion as utility maximization problems. The constraints in
our optimization includes peak transmit power, total received
power from all the data users and a minimum Signal-to-
Interference-plus-Noise-Ratio (SINR) for each user for QoS or
fairness commitment. In our work, a general methodology in
searching and proving the optimal policy is discovered, which
is applicable to a broad range of resource allocation designs.
As examples, we show the optimal policies for two types of
utility functions: one is linear with respect to the throughput,
which makes the optimization the same as the maximization
of the total throughput; the other is the logarithm of the
throughput, which makes the optimization equivalent to the
maximization of the product of users’ throughput. The product
maximization leads to a policy similar to the “proportional
fair" allocation but the presence of the advanced multi-user
interference complicates the policy and its derivation. For each
of these two objectives, we consider two formulations: one
is with fixed coding but the spreading gain and power are
controlled; the other is with optimal codes in the sense that
the Shannon capacity [16] for each single user is attained.

In CDMA systems, multiple users interfere with each other
[2]. The concavity in the utility function only exists with
respect to an individual user’s power but not the power vector.
This makes the non-linear optimization much more challeng-
ing [17]. However, our general method provides important
structures which often result in simple search for the optimal
policies. The assumption of peak power constraint separates
our work from previous works like [18], where the constraints
are on the average transmit power. Moreover, the absence
of the advanced multi-user detection is another dividing line
between our work and previous works.

The rest of the paper is organized as follows. The opti-
mization problems with constraints are formulated in Sec-
tion II. The methodology to solve the optimization problems
is presented in Section III. In Section IV, the methodology
presented in Section III is used to solve the problems defined
in Section II. Numerical examples are presented in Section V.
This paper concludes with final remarks and future work in
Section VI.

II. OPTIMIZATION FORMULATIONS

We consider a time-slotted system. Let M be the number
of non-real-time data users in the CDMA cell/sector and their
reverse link channel gains are ordered as g1 > g2 > · · · >
gM . Without losing generality, we assume that no two users
have the same channel gain. Vector g = (g1, g2, · · · , gM )
includes channel gains of all the users. We also assume that
g is known to the base station at the start of each time slot
and all gi, i = 1, 2, · · · , M, remain constant during each time
slot. Vector p = (p1, p2, · · · , pM ) is the transmit power of all
the users, allocated by the base station. We use vector p−i =
(p1, p2, · · · , pi−1, pi+1, · · · , pM ) for the power of all the other
users except user i. Suppose that the matched filter receiver is
used at the base station, namely there is no advanced multi-

user detection. Then, the Signal-to-Interference-plus-Noise-
Ratio (SINR) of user i, γi becomes

γi =
pigi

I + α
∑

k �=i pkgk ,

where i = 1, 2, · · · , M. (1)

In (1), parameter α is included for generality. According to
[2], in practical systems, α ≈ 1.

As previously stated, we have two types of assumptions on
the channel coding in this paper: one assumes an arbitrary but
fixed coding at the symbol level; the other uses the Shannon
coding, namely the ‘optimal’ codes achieving the information
theoretical channel capacity for each individual user. In the
first case(fixed coding), as shown in [7], the optimal spreading
gain can be obtained separately from the power allocation. In
the second case(Shannon coding), the codes can be determined
by well-known result in information theory [16], again sepa-
rately from the power allocation. Henceforth we focus on the
power allocation part in this paper.

In the following, we list four example formulations: two
of them with fixed coding and the other two with Shannon
coding; at the same time, two of them with sum of throughput
and the other two with product of throughput(sum of log-
throughput). All of them are solved later in Section IV by our
unified method presented in Section III.

A. Total Throughput Maximization With Fixed Coding

Suppose we have chosen a specific but fixed coding scheme
on the symbol level. We have spreading gain and power at our
control. This problem is formulated in [7]. As shown there, the
optimal spreading gain can be determined independently from
power allocation: at any power level, the optimal spreading
gain is always inversely proportional to the chip-level SINR,
where the proportion is dependent on the selected coding
scheme. Consequently, maximizing the total throughput is
equivalent to maximizing the sum of SINR. Therefore, es-
sentially we have the following optimization problem:

(P1) max
p∈C

J1(p1g1, p2g2, · · · , pMgM )

where

J1 =
M∑
i=1

pigi

I + α
∑M

k=1,k �=i pkgk .

(2)

Note that the code-dependent scaling factor and the total
bandwidth term are suppressed in (2).

The constraint, C, considered throughout the paper consists
of three individual constraints by C = Cpmax ∩ CQoS ∩ CPmax

R
.

Each constraint is defined as follow:

• Cpmax = {p : 0 ≤ pi ≤ pmax, for all i = 1, 2, · · · , M},
and it is the peak power constraint. This is due to the
mobile stations’ battery limitation and radiation regula-
tion.

• CQoS = {p : γi ≥ Λ, for all i = 1, 2, · · · , M}, and it is
the QoS constraint. This QoS constraint is motivated by
the observation that the optimal power allocation, without
such a constraint, may be greedy and unfair.

• CPmax
R

=
{
p :
∑M

i=1 pigi ≤ Pmax
R

}
, and it is the total

received power constraint. It is due to the fact that the
total received power from the data users is an interference
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to other classes of users, like the voice users in the same
sector/cell.

We assume that the QoS constraint can be met for all the
users. In other words, we assume that the feasibility condition
is satisfied, and in practice, this can be achieved by network
planning and admission control [19].

(P1) without QoS constraint is solved in [7] using elemen-
tary proof. Here we apply our general approach which greatly
simplifies the derivation and extends their result.

B. Maximizing Total Capacity

In the above subsection, a specific coding is chosen and
fixed. Suppose we relax this limitation and assume that the
coding scheme on the symbol level is chosen to achieve the
channel capacity for each single user without the multiuser
detection. Based on the well known Shannon capacity result
[16], we have the following optimization problem:

(P2) max
p∈C

J2(p1g1, p2g2, · · · , pMgM )

where

J2 =
M∑
i=1

log

(
1 +

pigi

I + α
∑M

k=1,k �=i pkgk

)
.

(3)

The constraints are the same as the one in the previous
formulation. All through this paper, for the convenience of
notation, the bandwidth term is suppressed from the capacity
formula and natural logarithm is used instead of ‘log2’. Note
that the effect of spreading gain control is absorbed by the
capacity-achieving codes.

(P2) with α = 1 has been solved in [15] using elementary
proof. Here we apply our general approach which greatly
simplifies the derivation and extends their result.

C. Maximizing the Product of Throughput With Fixed Coding

Since maximizing the total summed throughput even with
QoS constraint may lead to unfair policy, it is proposed to con-
sider maximizing the product of each user’s throughput. This
can be seen as a “proportional fair" formulation. If we assume
a fixed coding scheme, the result on the optimal spreading gain
in [7] still applies. Thus maximizing the product of throughput
is equivalent to maximizing the product of SINR. Therefore
we have the following optimization problem:

(P3) max
p∈C

J3(p1g1, p2g2, · · · , pMgM )

where

J3 =
M∏
i=1

pigi

I + α
∑M

k=1,k �=i pkgk .

(4)

As seen later, even without the QoS constraint, the QoS is
guaranteed for each user by the optimal policy.

D. Maximizing the Product of Channel Capacity

We can have a similar formulation based on the optimal
coding at symbol level for each individual user without the
multiuser detection. Therefore the optimization problem is as
follows:

(P4) max
p∈C

J4(p1g1, p2g2, · · · , pMgM )

where

J4 =
M∏
i=1

log

(
1 +

pigi

I + α
∑M

k=1,k �=i pkgk

)
.

(5)

III. METHODOLOGY IN OPTIMIZATION

A. General Properties of Optimal Solutions

Define xi = pigi as the received power of user i, and
x = (x1, x2, · · · , xM ) as the vector of received powers.
In the sequel, we interchangeably use the received power
vector x and the transmit power vector p. The solution of
the optimization problem begins with an application of the
Kuhn-Tucker condition [17]. Note that each Jn(x) of the
four formulations, is symmetric to any interchange of user
indices. This is generally the case in the reverse link resource
allocation problems without the advanced multi-user detection.
Few properties of J are drawn using this symmetry.

The following is a re-write of the optimization problem1

with the constraints in a linear form:

max
x∈C

J(x), (6)

where C = Cpmax ∩ CQoS ∩ CPmax
R

, and each constraint in a
linear form is as follow:

Cpmax :
xi

gi
− pmax ≤ 0, ∀i ∈ {1, 2, · · · , M}. (7)

CQoS : −xi + αΛ
M∑

k=1
k �=i

xk + ΛI ≤ 0, ∀i ∈ {1, 2, · · · , M}. (8)

CPmax
R

:
M∑

j=1

xj − Pmax
R ≤ 0. (9)

With 2M +1 Lagrange multipliers (θ1, · · · , θM , λ1, · · · , λM ,
μ), the complete Lagrange, denoted as L, becomes as follow:

L = J −
M∑
i=1

θi

(
xi

gi
− pmax

)

−
M∑
i=1

λi

⎛
⎝−xi + αΛ

M∑
k=1,k �=i

xk + ΛI

⎞
⎠

−μ

⎛
⎝ M∑

j=1

xj − Pmax
R

⎞
⎠

= J −
M∑
i=1

⎛
⎝θi + μ − λi + αΛ

M∑
k=1,k �=i

λk

⎞
⎠xi

+ some constant. (10)

1In this section, as the derivation is common for all four of Jn’s, the
subscript is dropped.
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From the Kuhn-Tucker condition, for optimum x’s, we have
∂L
∂xi

= 0, i = 1, 2, · · · , M , so

∂J

∂xi
=

θi

gi
+ μ − λi + αΛ

∑M

k=1,k �=i
λk. (11)

Also we have the “non-negativity" and the “complimentary
slackness"; all 2M + 1 Lagrange multipliers are non-negative
and if a constraint is met with strict inequality (non-binding),
then the corresponding Lagrange multiplier is zero.

Note that CPmax
R

is on all the users, so the value of μ is
common to all the users. We can classify all M users into
the following three disjoint groups according to the binding
constraints - depending upon λi and/or θi are zero:

• Users with QoS-binding: Denote this group as A1. Then
for user j, j /∈ A1, λj = 0, and for user i, i ∈ A1

∂J

∂xi
=

θi

gi
+ μ − λi + αΛ

∑
k �=i,k∈A1

λk. (12)

We include θi in (12) in order to incorporate the possi-
bility that a user may transmit at pmax to meet the QoS
requirement, and θi = 0 is if and only if user i transmits
with strictly less than pmax.

• Users with neither QoS nor peak-power binding: Denote
this group as A2. Then, for user i, i ∈ A2

∂J

∂xi
= μ + αΛ

∑
k∈A1

λk. (13)

• Users with peak-power-binding but no QoS-binding: De-
note this group as A3. Then, for user i, i ∈ A3

∂J

∂xi
=

θi

gi
+ μ + αΛ

∑
k∈A1

λk. (14)

In the following subsections, we derive the structure
of the optimal solution conditioning that the polarities of(

∂J
∂xi

− ∂J
∂xj

)
and (xi − xj) are either always the same or

always the opposite. Define sign(·) as follow.

sign(x) =
{ x

|x| , for x �= 0,
0, for x = 0.

(15)

B. Same-Sign Condition, i.e. sign
(

∂J
∂xi

− ∂J
∂xj

)
=

sign (xi − xj)

One word on notation: in the following derivation, the term
“QoS-achieving power" means the minimum power pi such
that user i satisfies the QoS constraint when p−i is fixed. This
power level is not a constant, but dependent on p−i. Also
“intermediate power" means strictly higher than the “QoS-
achieving power" but strictly less than the maximum power,
pmax.

Lemma 1 For an optimum solution, there can be at most one
user with intermediate power. In other words, number of users
in group A2 is at most one.

Proof: Suppose that x∗ is a optimum solution of (6),
with x∗

i = p∗i gi and x∗
j = p∗jgj , where p∗i and p∗j are strictly

between their respective QoS-achieving powers and pmax. As
user i and j are both in group A2, from (13) we have ∂J

∂xi
=

∂J
∂xj

. Therefore, from the same-sign condition x∗
i = x∗

j . We
can find δ > 0, such that

x∗
δ = (x1, · · · , xi + δ, · · · , xj − δ, · · · , xM ) , with x∗

δ ∈ C.

Then,

J(x∗
δ) − J(x∗) =

∫ δ

0

∂J

∂δ̃
dδ̃, (16)

where

∂J

∂δ̃
=
(

∂J

∂xi
− ∂J

∂xj

)∣∣∣∣
x=x∗

δ̃

> 0, for any 0 < δ̃ < δ. (17)

Therefore, we can find x∗
δ ∈ C, such that J(x∗

δ) > J(x∗).
This is a contradiction. �

In the following, we present an approach to find the optimal
solution of (6) under the same-sign condition by reducing the
solution space. Reduction of the solution space can be done
by ignoring some forms of x without losing optimality. A
specific form of x is ignored as a potential optimal solution,
if an optimal solution cannot exist with that specific form, or
we can find y in another form of consideration such that J(y)
= J(x). Lemma 2 characterizes the solution space when there
is no intermediate user. When there exists one and only one
intermediate user, Lemma 3 and 4 delineates the distribution
of users in group A1 and A3.

Lemma 2 Considering the case when there is no intermediate
user, we can restrict our attention of an optimal solution to the
following cases without losing optimality; any user with pmax

has a higher channel gain than the users with QoS-achieving.

Proof: Suppose that x∗ is an optimum solution of (6),
with x∗

k = pmaxgk or γ∗
k = Λ, for all k ∈ {1, 2, · · · , M},

i.e. no intermediate user. Suppose that gi > gj , p∗i < pmax

and γ∗
j > Λ, i.e. user i and j belong to group A1 and A3,

respectively. From (13) and (14), ∂J
∂xi

< ∂J
∂xj

, and from the
same-sign condition, x∗

i < x∗
j . Define x∗∗ such that x∗∗

k = x∗
k

for k ∈ {1, 2, · · · , M}, except x∗∗
i = x∗

j and x∗∗
j = x∗

i . As
x∗

i < x∗
j , x∗∗ ∈ C. Note that J(x∗) = J(x∗∗) while x∗∗ ∈ C,

and x∗∗ has one intermediate user of user j. Therefore, if
x∗ is the optimal solution without an intermediate user, then
we can find x∗∗ which is also an optimal solution with one
intermediate user. �

Lemma 3 If an optimal solution has one and only one
intermediate user, the users with lower channel gains than the
intermediate user’s, meet the QoS-constraint with equality.

Proof: Suppose that x∗ is an optimum solution of (6) and
there exists i and j such that gi > gj , p∗i < pmax, γ∗

i > Λ and
γ∗

j > Λ. Following the same way as in the proof of Lemma
2, by exchanging the received power of user i and j, we can
find x∗∗ ∈ C such that J(x∗) = J(x∗∗). Then, x∗∗ has two
intermediate users – user i and j. From Lemma 1, we can
find x∗∗∗ ∈ C such that J(x∗∗∗) > J(x∗∗) = J(x∗). This is
a contradiction. �

Lemma 4 If an optimal solution has one and only one
intermediate user, without losing optimality, we can restrict
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our attention of the optimal solution such that all users with
higher channel gains than the intermediate user’s, transmit
with pmax.

Proof: Suppose that x∗ is an optimum solution of (6) and
there exists i and j such that gi > gj , p∗i < pmax, γ∗

i = Λ and
p∗j < pmax, γ∗

j > Λ, i.e. user i is a QoS-binding user and user
j is an intermediate user. Then, by swapping xi and xj , we
can achieve the same objective under the same constraint. By
doing so, without losing optimality, we can ignore optimal
solutions such that the intermediate user (the user in group
A2), if there is, has lower channel gain than the users with
QoS-binding (the users in group A3). �

From Lemma 1 to 4, an optimal solution can be found
as follows. Slice the users into two classes - good and bad,
based on their channel gains. For each of the M + 1 possible
ways of partitioning users, allocate the transmit power in the
following fashion. Allocate pmax to all good users while the
same received power u is received to all bad users just to
meet the QoS requirement. There can be one exception -
the user with the best channel gain among the bad users is
allocated v (> u), and this user is the possible intermediate
user. Optimize the objective with respect to the two variables
u and v, subject to constraints. Evaluate the objective, and
compare the objective values for each possible slicing rule, u,
and v. Pick the slice, u and v that yields the best value.

In summary, sign
(

∂J
∂xi

− ∂J
∂xj

)
= sign (xi − xj) implies a

greedy policy, namely the good users transmit pmax, and bad
users transmit its QoS-achieving power while there can be at
most one user in-between. Application of this optimal policy
is shown in Proposition 1 of Section IV-A.

C. Opposite-Sign Condition, i.e. sign
(

∂J
∂xi

− ∂J
∂xj

)
=

−sign(xi − xj)

Like in Section III-B, the derivation starts with paying
attention to the intermediate users; users belong to group A2.

Lemma 5 For an optimum solution, if there are users with
intermediate powers, their received powers should be the
same.

Proof: Suppose that x∗ is a optimum solution of (6) with
γ∗

i > Λ, p∗i < pmax, and γ∗
j > Λ, p∗j < pmax, i.e. user i

and j are users with intermediate transmit power. Then both
user i and j belong to group A2. From (13), ∂J

∂xi
= ∂J

∂xj
, and

therefore from sign
(

∂J
∂xi

= ∂J
∂xj

)
= −sign(xi−xj), x∗

i = x∗
j .

�
The following Lemmas delineate the distributions of users

in group A1 and A3, with respect to the users in A2.

Lemma 6 Except the case where all the received powers are
the same, if there exists a QoS-binding user, then the QoS-
binding user transmit with pmax.

Proof: Suppose that x∗ is an optimum solution of (6) with
γ∗

i = Λ, p∗i < pmax, and γ∗
j > Λ, where i, j ∈ {1, 2, · · · , M}

– in other words, user i belongs to A1 and user j belongs to
A2 or A3. From (10) and (11), as θi = 0 due to p∗i < pmax,

∂J
∂xi

< ∂J
∂xj

. From the opposite-sign condition, this implies
x∗

i > x∗
j . However, from the monotonicity of SINR equation

shown in (1), γ∗
i = Λ < γ∗

j implies that x∗
i < x∗

j . This is a
contradiction. �

Lemma 7 Except the case where all the received powers are
the same, there can be at most one QoS-binding user and that
user is with the worst channel gain.

Proof: It can be readily shown from using Lemma 6 by
the assumption that all the channel gains are different. �

Lemma 8 For an optimum solution, if there exists user i such
that p∗i = pmax and γ∗

i > Λ, then x∗
i should be less than the

received power from an intermediate user.

Proof: If x∗ is an optimum solution of (6), with x∗
i =

pmax γ∗
i > Λ and x∗

j < pmax γ∗
j > Λ, i.e. user i belongs to

group A3 and j belongs to group A2, respectively. From (13)
and (14), ∂J

∂xi
> ∂J

∂xj
, and from the opposite-sign condition x∗

i

< x∗
j . �

Arriving at the optimal solution consists of the following
steps: Slice the users into two classes, good and bad, based
on channel gains. For each of the M + 1 possible ways of
partitioning users, allocate received power in the following
fashion. Allocate the maximum transmit power to all bad
users. Allocate equal received power u, to all remaining users
while u is higher than any of the received power from the
bad users. Optimize the value u subject to constraints. If
a feasible solution is found, evaluate the resulting value of
the objective function. Pick the slice that provides the best
objective function with the corresponding u.

In summary, sign
(

∂J
∂xi

− ∂J
∂xj

)
= −sign (xi − xj) implies

a fair policy, namely the bad users transmit pmax; good users
transmit with a same received power but higher than the one
from any bad user. Application of this optimal policy is shown
in Proposition 2 of Section IV-B.

IV. SOLUTIONS TO FORMULATED OPTIMIZATION

PROBLEMS

In Section III, the general method is based on getting the
relationship between sign

(
∂J
∂xi

− ∂J
∂xj

)
and sign (xi − xj). In

this section, we solve the optimization problems based on this
relationship. For the convenience of notation, we define I0 =
I + α

∑M
k=1,k �=i,j xk.

A. Summation Form of Optimization - (P1) and (P2)

For (P1) from Section II-A, we have

∂J1

∂xi
=

1

I + α
∑M

k=1,k �=i xk

−
M∑

m=1,m �=i

αxk

(I + α
∑M

k=1,k �=m xk)2
.

(18)
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After canceling the common terms,

∂J1

∂xi
− ∂J1

∂xj
=

(
I + α

M∑
k=1

xk

)

×
{

1

(I + α
∑M

k=1,k �=i xk)2
− 1

(I + α
∑M

k=1,k �=j xk)2

}
.

(19)

Then we have

sign

(
∂J1

∂xi
− ∂J1

∂xj

)
= sign

{
1

(I0 + αxj)2
− 1

(I0 + αxi)2

}
= sign (xi − xj). (20)

Therefore, the optimal policy is greedy.

Also, for (P2) from Section II-B, we have

∂J2

∂xi
=

1

I + xi + α
∑M

k=1,k �=i xk

−
M∑

m=1
m �=i

αxm

(I + α
∑M

k=1
k �=m

xk)(I + xm + α
∑M

k=1
k �=m

xk)
.

(21)

After some manipulation, we have

sign

(
∂J2

∂xi
− ∂J2

∂xj

)

= sign

{
(I0 + αxi)(I0 + xj + αxi)
−(I0 + αxj)(I0 + xi + αxj)

}
= sign

{
(xi − xj)

(
α2(xi + xj) + (2α − 1)I0

)}
.

(22)

If α ≥ 1
2 , we have sign

(
∂J2
∂xi

− ∂J2
∂xj

)
= sign(xi − xj) and

therefore a greedy policy is optimal. Since α ≈ 1 in practical
systems [2], we have not lost too much generality.

Proposition 1 (Optimality of the greedy policy) For (P1)
and (P2), (if α ≥ 1

2 for (P2)), without losing optimality,
we can restrict our attention of an optimal power allocation
vector to the following form:

p∗ = (pmax, · · · , pmax, p
∗
iT

, p∗iT +1, p
∗
iT +2, · · · , p∗M ) (23)

where iT is an integer, 1 ≤ iT ≤ M , 0 < p∗iT
≤ pmax and

p∗mgm

I +
∑iT −1

j=1 pmaxgj +
∑M

j=iT ,j �=m p∗jgj

= Λ, ∀m > iT .

(24)

Proof: It can be readily shown from the same-sign
property of J1 and J2.

B. Product Form of Optimization - (P3) and (P4)
For (P3) from Section II-C, we have

∂J3

∂xi
=

1

I + α
∑M

k=1,k �=i xk

M∏
n=1
n�=i

xn

I + α
∑M

k=1,k �=n xk

−
M∑

m=1
m �=i

αxm

(I + α
∑M

k=1,k �=m xk)2

M∏
n=1
n�=m

xn

I + α
∑M

k=1,k �=n xk

= J3 ×

⎧⎪⎪⎨
⎪⎪⎩

1
xi

−
M∑

m=1
m �=i

α

(I + α
∑M

k=1,k �=m xk)

⎫⎪⎪⎬
⎪⎪⎭

.

(25)

After deleting the common terms, we have the following
simple relationship:

sign

(
∂J3

∂xi
− ∂J3

∂xj

)
= sign

{
1

xi(I0 + αxi)
− 1

xj(I0 + αxj)

}
= −sign(xi − xj) (26)

It implies that a fair policy is optimal.
Also, for (P4) from Section II-D, we establish the relation-

ship between sign
(

∂J4
∂xi

− ∂J4
∂xj

)
and sign(xi − xj) as follow.

For convenience, define Li = log
(

1 + xi

I+α
�

M
k=1,k �=i xk

)
.

The partial derivative is shown in (27). After canceling com-
mon terms, we have

∂J4

∂xi
− ∂J4

∂xj

= J4 ×

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(I0 + αxi + αxj)
Li(I0 + αxj)(I0 + xi + αxj)

− (I0 + αxi + αxj)
Lj(I0 + αxi)(I0 + xj + αxi)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

.

(28)

Define

Δ = Li(I0+αxj)(I0+xi+αxj)−Lj(I0+αxi)(I0+xj+αxi),
(29)

then we have

sign

(
∂J4

∂xi
− ∂J4

∂xj

)
= −sign(Δ). (30)

Next, we connect sign(Δ) with sign (xi−xj). Let xj be fixed
and the domain of xi is [0,∞). At xi = 0, Δ < 0, and as
xi → ∞, Δ → ∞. So a root for the equation Δ(xi) = 0,
must exist. In the following, it is shown that xi = xj is the
unique root. As a reference, we have

∂Li

∂xi
=

1
I0 + xi + αxj ,

and (31)

∂Lj

∂xi
= − αxj

(I0 + αxi)(I0 + xj + αxi) .

(32)

Then,

∂Δ
∂xi

= (I0 + 2αxj) + log
(

1 +
xi

I0 + αxj

)
(I0 + αxj)

−α log
(

1 +
xj

I0 + αxi

)
(2I0 + 2αxi + xj). (33)
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∂J4

∂xi
= J4 ×

��
�

1

(I + xi + α
�M

k=1,k �=i xk)Li

−
M�

n=1,n�=i

αxn

(I + α
�M

k=1,k �=n xk)(I + xn + α
�M

k=1,k �=n xk)Ln

��
�

.

(27)

At xi = 0, the sign of (33) is not clear; but as xi → ∞,
∂Δ
∂xi

→ ∞. However, this is not enough to determine the sign
of Δ or ∂Δ

∂xi
with respect to the sign of (xi − xj). So taking

derivative again:

∂2Δ
∂xi

2
=

I0 + αxj

I0 + xi + αxj
+

α2xj(2I0 + 2αxi + xj)
(I0 + αxi)(I0 + αxi + xj)

−2α2 log
(

1 +
xj

I0 + αxi

)
.

(34)

Again, at xi = 0, the sign of (34) is not clear; but when
xi → ∞, we have ∂2Δ

∂xi
2 ∼ 1

xi
> 0. In order to determine the

sign of ∂2Δ
∂xi

2 , the third derivative can be investigated. After
some algebraic manipulation, we have

∂3Δ
∂xi

3
= − I0 + αxj

(I0 + xj + αxj)2

− α3x3
j

(I0 + αxi)2(I0 + αxi + xj)2
< 0. (35)

Now we finally can conclude that ∂2Δ
∂xi

2 is a decreasing function

of xi. As ∂2Δ
∂xi

2 is positive at xi → ∞, it is positive for all xi >

0. The fact that ∂2Δ
∂xi

2 > 0, implies that ∂Δ
∂xi

is a monotonically
increasing function of xi. There are two cases to consider

• Case 1 : ∂Δ
∂xi

> 0 for all xi > 0;
• Case 2 : ∂Δ

∂xi
< 0 for small xi but ∂Δ

∂xi
> 0 for large xi.

Since Δ < 0 at xi = 0 but Δ > 0 when xi large, in either
case, the root of Δ(xi) = 0 is unique. The unique root is
xi = xj , and the uniqueness of the root implies sign(Δ) =
sign(xi −xj). Overall, from (30) we have the conclusion that

sign

(
∂J4

∂xi
− ∂J4

∂xj

)
= −sign(xi − xj). (36)

So (P4) falls into the category that a fair policy is optimum.

Proposition 2 (Optimality of the fair policy) For (P3)
and (P4), without losing optimality, we can restrict our
attention of the optimal power allocation vector to the
following form:

p∗ = (p∗1, p
∗
2, · · · , p∗iG

, pmax, pmax, · · · , pmax) (37)

where iG is an integer, 1 ≤ iG ≤ M , and p∗1g1 = p∗2g2 =
· · · = p∗iG

giG ≥ pmaxgiG+1.

Proof: It can be readily shown from the opposite-sign
property of J3 and J4. �

V. NUMERICAL EXAMPLES

In this section, numerical examples for the total capacity un-
der both sum throughput maximization and product throughput
maximization are present. The impact of the QoS requirements
is also discussed. Table I summarizes the configurations used
in the numerical examples. Channel models and their related
parameters are from [20]. Users are randomly (uniformly

TABLE I

CONFIGURATIONS FOR NUMERICAL RESULTS

Cell Structure Single Hexagonal Cell
Cell Radius 1.0 km
Antenna Radiation Omni-directional
Distance Loss 28.6 + 35 log10(d) dB,
(Propagation) Model d in meters
Log-Normal Shadowing 8.9 dB
Standard Deviation
Maximum transmit power 0.2 Watt
from mobile station (pmax)
Implementation loss after 0 dB
compensation from antenna gain
Thermal noise variance (σ2

th) 1.547 × 10−14 Watt
at the base station ( = −138.1dB )
Rise-Over-Thermal (ROT) Maximum by 7 dB
(Pmax

R + σ2
th)/σ2

th

distributed) dropped over a single hexagonal cell, where the
base station is located at the center of the cell. A set of dropped
users is considered for the capacity computation only if there
exists a power allocation solution that guarantees the minimum
QoS requirements are satisfied. Otherwise, the entire users
are re-dropped. In practice, the feasibility condition is assured
by network planning and admission control [19]. Each user
is assigned with a stationary channel gain, gi, taking into
account distance loss and log-normal shadowing. Since the
optimization problem does not take into account the time-
varying radio condition, fast fading and power control aspects
are not considered in this study. The Rise-Over-Thermal
(ROT) is a limitation on the total received power at the base
station, and is defined in Table I.

Fig. 1 represents the capacity obtained when the transmit
powers of the users are allocated to maximize the sum-
capacity. All through this section, all the capacity numbers
are normalized by the total bandwidth so that their unit is
‘Bits/Sec/Hz’. In the “No-QoS requirement" case (Λ = 0),
the multi-user diversity gain (opportunistic scheduling gain)
is observed with a diminishing return. On the other hand, if
there is a QoS requirement, the multi-user penalties (capacity
decrease by increasing the number of users) are observed.
As the number of the users increase, the statistics of the
poor users gets worse, and more importantly the statistics of
the poor channel quality users can drag the system capacity.
Basically, as the maximum sum-capacity power allocation
(summation form) is a greedy policy, the QoS requirements
(fairness constraint) impacts a lot on the capacity of the
system. Note that QoS requirements (-21 dB and -18 dB) are
chosen to represent the typical SINR level for 9.6 Kbps traffic
channel throughput maintenance and the reverse pilot channel
maintenance, respectively [21].

Fig. 2 represents the capacity obtained when the powers
are allocated to maximize the product of the user capacities.
In this policy, even without a QoS-constraint, the power
allocation strategy leads to a fair policy, and therefore the
multi-user penalties are observed. Imposing QoS constraints
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Fig. 1. Capacity of the system when the powers are allocated to maximize
the sum-capacity of the system with different QoS requirements.
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Fig. 2. Capacity of the system when the powers are allocated to maximize
the product of user capacity with different QoS requirements.

to users decrease the throughput, but as the policy is inherently
fair (QoS-aware), the impact is smaller than the case of the
summation-form optimization.

Fig. 3 compares the CDF of user throughput under the two
power allocation policies – addition and product form. To
make a fair comparison, we choose the number of users M =
8 and the minimum SINR Λ = −21dB. In the overall average
system throughput perspective, the addition-form optimization
gives better performance. However, in the addition-form case,
many users experience the minimum capacity, but the best
channel quality user experience a very high capacity. In the
product form case, the CDF represents more fair allocation
of the radio resource, and the overall system capacity suffers
from the statistics of poor channel quality users.

VI. CONCLUSIONS AND FUTURE WORK

We have studied optimal resource allocation at the base
station for non-real-time data users in the CDMA reverse link.
We have focused on the power allocation since the channel
coding and spreading gain control can be chosen separately.
We have found a general approach in searching for the optimal
policy. As examples, we have shown the throughput maxi-
mization and log-throughput maximization with peak transmit
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Fig. 3. CDF of user’s throughput when 8 users are in the system with
minimum SINR requirements of -21 dB.

power, total received power and QoS constraints. Throughput
maximization results in a greedy power allocation whereas the
log-throughput maximization results in a ‘proportional fair’
allocation. We have also studied the impact of different level
of QoS constraint on the sector/cell performance.

Our future work includes the investigation of possible
autonomous transmission scheme to achieve the optimal al-
locations. We also need to study multi-cell coordination and
the extension to optimizations considering channel variation.
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