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Extremal Problems of Information Combining

Yibo Jiang, Alexei Ashikhmin, Member, IEEE, Ralf Koetter, Senior Member, IEEE, and
Andrew C. Singer, Senior Member, IEEE

Abstract—In this paper, we study moments of soft bits of bi-
nary-input symmetric-output channels and solve some extremal
problems of the moments. We use these results to solve the extremal
information combining problem. Further, we extend the informa-
tion combining problem by adding a constraint on the second mo-
ment of soft bits, and find the extremal distributions for this new
problem. The results for this extension problem are used to im-
prove the prediction of convergence of the belief propagation de-
coding of low-density parity-check (LDPC) codes, provided that
another extremal problem related to the variable nodes is solved.

Index Terms—Extrinsic information transfer (EXIT) functions,
information combining, low-density parity-check (LDPC) codes.

I. INTRODUCTION

OW-density parity-check (LDPC) codes were invented

by Gallager [1] in 1960. In recent years, there has been
surging interest in LDPC codes. A lot of work has been
done in areas such as asymptotic performance analysis, ca-
pacity-approaching code design, and low-complexity decoding
algorithms for LDPC codes (see [2]). Among various low-com-
plexity decoding algorithms for LDPC codes, the belief
propagation decoding algorithm is a popular and powerful one
[3]. It is well known that an LDPC code can be represented
by a Tanner graph [4], which is a bipartite graph consisting of
variable nodes and check nodes. A variable node corresponds
to a codeword bit, while a check node corresponds to a row of
the check matrix. In belief propagation decoding, each node on
the Tanner graph works as a local decoder. More specifically,
at a degree d variable node, the local variable node decoder
(VND) is essentially an extrinsic a posteriori probability (APP)
decoder for a [d+ 1, 1] repetition code (remember there is an in-
coming channel message for each variable node). At a degree d
check node, the local check node decoder (CND) is essentially
an extrinsic APP decoder for a [d,d — 1] single parity-check
code. Overall, the belief propagation decoder works iteratively.
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In each iteration, first, every VND uses the channel message
and incoming check-to-variable messages (from the previous
iteration) to compute the outgoing variable-to-check messages,
then every CND uses the incoming variable-to-check messages
to compute the outgoing check-to-variable messages.

Density evolution was proposed in [3], [5], which rigorously
analyzes the convergence behavior of belief propagation de-
coding. A one-dimensional approximation method of density
evolution, the extrinsic information transfer (EXIT) chart, orig-
inally suggested by ten Brink [6] for analyzing and designing
turbo codes, was a simpler method for convergence prediction.
In [7], [8], the EXIT chart method was extended for the anal-
ysis and design of LDPC codes, and a rigorous analysis of the
method was conducted when the a priori channel is a binary era-
sure channel (BEC). VND and CND EXIT functions are defined
to characterize how the mutual information contained in mes-
sages changes during the variable and check nodes processing
at each iteration of the belief propagation decoding. In the com-
putation of VND and CND EXIT functions, every incoming
message to a VND or a CND is usually modeled as the output
log-likelihood ratio (LLR) of an additive white Gaussian noise
(AWGN) channel whose input is the binary phase-shift keying
(BPSK) modulated codeword bit corresponding to the message
[9]. The EXIT chart method has proven useful in practice, see,
e.g., [9], and simple since it tracks only one parameter, namely,
the mutual information. However, since the distributions of mes-
sages are often non-Gaussian, it only provides an approximation
to the real decoding trajectory. Thus, it is worthwhile to conduct
a more rigorous analysis. Bounds on the extrinsic mutual infor-
mation at either a VND or a CND will be useful and lead to
upper and lower bounds on the decoding trajectory of mutual
information. These bounds are still simple in the sense that mu-
tual information is the only parameter tracked, and useful since
they can lead to rigorous convergence predictions. This moti-
vates the study of information combining problems.

The notion of information combining was introduced by
Huettinger et al. in [10], [11] for the study of concatenated
coding systems. In the belief propagation decoding of LDPC
codes, the processing at a VND or a CND can be interpreted
as an operation of information combining, i.e., combining the
mutual information contained in those incoming messages. Let
(X1,...,X4) be a codeword of either a [d, 1] repetition code
or a [d, d — 1] single parity-check code, which models a degree
d — 1 variable node or a degree d check node, respectively.
Assume d > 3 to avoid trivial cases. Assume X; is BPSK
modulated under the mapping 0 — +1 and 1 — -1, and
transmitted through a binary-input symmetric-output channel
with output ¥;, 1 <7 < d, i.e.,

Vs = 41X: = 1) = p(Y; = —31X; = -1).

0018-9448/$25.00 © 2008 IEEE



52

These d channels are assumed to be independent. The notation
X, — Y, is used to indicate the 7th channel. The soft bit 7; for
the sth channel is defined as
Ti=pX;=1]Y) -pXi=-11Y;)

and is a sufficient statistic. Although the transition probability
distribution of each channel is unknown, the mutual informa-
tion of each channel is assumed to be known. Without loss of
generality, one can focus on X, and ask the following ques-
tion: can we find tight lower and upper bounds on the combined
information I(X4;Y1,Y2,...,Y4_1), i.e., the extrinsic mutual
information? Such an extremal problem was first considered in
[12] for a [3, 1] repetition code. It was shown that I(X3;Y7,Y53)
is maximized (or minimized) when both X; — Y; and X, —
Y5 are BECs (or binary-symmetric channels (BSCs)) with pre-
scribed mutual information values. In [13], the case of [3,2]
single parity-check codes was studied, and it was shown that
BSCs achieve the upper bound, and BECs achieve the lower
bound. In [14]-[17], the above results were extended to arbi-
trary codeword length d for both repetition codes and single
parity-check codes. In [18], instead of mutual information, con-
ditional expectations of messages were used to bound on the
performance of belief propagation decoding of LDPC codes.

In [12]-[15], the extrinsic mutual information
I(X4;Y1,Y2,..., Y, 1) is optimized over all d —1 channels
subject to their individual mutual information constraints. In
[16], [17], the problems were generalized by optimizing the
extrinsic mutual information with respect to a single channel.
Fix the binary-input symmetric-output channels X; — Y;,
1 <7< d—2, and fix the mutual information of X4_1 — Yy_1.
It is shown by Sutskover et al. in [17] that for a repetition code,
when the channel X;_1; — Y;_1 is a BEC (BSC), the extrinsic
mutual information I(X4;Y7,Ys,...,Y—1) is maximized
(minimized). For a single parity-check code, the roles of BEC
and BSC are reversed.

In the above information combining problems, all the results
were obtained by proving new mutual information inequalities
and using various existing inequalities and identities of mutual
information. The work by Sharon et al. in [19], [20] tells us
that when the input is equiprobable, the mutual information of
a binary-input symmetric-output channel can be expressed as

(oo}

1
E;m 2i—1) %

1(X;T)

where mo; is the 2:th conditional moment of the channel soft bit
T.Fora [d, d — 1] single parity-check code, the extrinsic mutual
information at the output of its APP decoder is

e’} d—1
1 1 .
=—> — ||E¥ 1 Xk =1] @
1n2;2i(2i—1)]}:[1 I [ X =1 @

where E[T?" | X}, = 1] is the 2ith conditional moment of the
channel soft bit 7. These results lay a foundation and motivate
us to solve the extremal information combining problem from
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a moments approach. In other words, we first solve an extremal
problem of soft-bit moments, determining the channel distri-
butions maximizing or minimizing the second conditional mo-
ment subject to a mutual information constraint. We find that the
extremal channel distributions are BSC and BEC, respectively.
Then, we determine the ordering between moment sequences of
the BSC and an arbitrary channel that satisfies the mutual infor-
mation constraint, and the ordering between moment sequences
of the BEC and that (arbitrary) channel. We also find the con-
nection between the extremal problem of the second moment
and a related minimum mean-squared error (MMSE) estimation
problem. The theory of Tchebycheff systems [21], [22] is used
to solve the extremal problem of the second moment.

Next, we use the ordering properties of moment sequences to
prove the results for a [d, d — 1] single parity-check code ob-
tained in [17]; i.e., BSC and BEC are the most and least infor-
mative channels, respectively.

Bounds obtained from the information combining problems
are used to bound the VND and CND EXIT functions [13], [17].
In [17], the lower bounds on the extrinsic mutual information for
the variable nodes and check nodes were combined to obtain
the overall worst performance bound, which was used to find
sufficient conditions on communication channels for successful
decoding. Similarly, the upper bounds were combined to ob-
tain the overall best performance bound, which was used to find
necessary conditions on communication channels for successful
decoding. The independence assumption on channels in the in-
formation combining problems are satisfied due to the property
of asymptotic tree-like decoding neighborhoods for very long
ensembles of LDPC codes [5]. However, as computed in [17],
the gap between the predicted threshold and the exact threshold
is significant. For binary-input AWGN communication chan-
nels and LDPC codes of various rates, the upper bounds on the
thresholds are about 0.5 dB above the exact thresholds, and the
lower bounds on the thresholds are about 1.2 dB below the exact
thresholds. This motivates us to consider improving the bounds
to reduce threshold gaps.

To this end, we extend the information combining problem
for a [d,d — 1] single parity-check code by adding one more
constraint on the channel distribution [23], namely, a constraint
on the second conditional moment of the channel soft bit. The
solution to this extension problem can be used to improve the
prediction of convergence of the belief propagation decoding
of LDPC codes, provided that another extremal problem re-
lated to the variable nodes be solved (details can be found in
Section VIII). Again, we use the moments approach to solve
the extension problem, first solving an extremal problem of the
fourth moment, then determining the ordering among moment
sequences. We also use the results obtained in the extension
problem to bound the CND EXIT function with Gaussian priors.
The gap of our bounds is very small and we find that an approx-
imation function for the CND EXIT functions in [9, eq. (9)] is
very accurate.

Recently new stronger bounds on information combining
were reported in [24]. In [24], for obtaining stronger bounds,
the authors added additional constraint on the probability of
error, which is different from the approach used in [23] and the
current paper.
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This paper is organized as follows. In Section II, we intro-
duce some basic concepts and results from [3] and [20]. In Sec-
tion III, we solve an extremal problem of second moments of
channel soft bits. In Section IV, we apply the obtained results for
analysis of MMSE estimators. In Section V, we study the prop-
erties of sequences of soft-bit moments. In Section VI, we use
the properties of soft-bit moment sequences to solve the orig-
inal information combining problem at the check nodes. In Sec-
tion VII, an extension of the information combining problem is
proposed and solved. In Section VIII, the results from the exten-
sion problem are used to compute potentially improved best and
worst performance bounds on the decoding trajectory of mutual
information. Some key concepts and results in the Tchebycheff
system theory are outlined in Appendix L.

II. T-CONSISTENCY AND MUTUAL INFORMATION

In [3] and [5], the concept of consistency, later called sym-
metry, of channel probability distributions were proposed. In
[19], [20], the concept of consistency, called T-consistency, was
formulated for soft bits and several new mutual information re-
sults were obtained. The concept of consistency and results ob-
tained in [3], [5], [19], and [20] lay a foundation for solving the
extremal problems of information combining with the help of
soft-bit moments. In this section, we give a short summary of
the results for completeness. For convenience of notation and
exposition we mostly follow presentation in [19], and [20].

Let X and Y be random variables at the input and output of a
binary-input symmetric-output channel, respectively. Since the
channel is symmetric, its transition probability density function
satisfies

Y=yl X=1)=fY=—y|X=-1).
We assume the input is equiprobable, i.e.,
P(X=1)=P(X =-1)=0.5.
Define the channel soft bit 7" as
T=Pr(X=1|Y)-Pr(X=-1|Y). 2)
It follows that
T = (el —1)/(e* + 1) = tanh(L/2) 3)

1+7  Pr(X=1]Y) @

L=1 = .
TCT T Ph(Xx=-1|Y)

Thus, soft bit 7" is a change of variable of the LLR L. Many
properties for LLRs, such as symmetry, are well established in
[3], [5], [25], and similar properties can be obtained for soft bits
as follows.

Let p(T = ¢t | X = x) denote the conditional probability
density function of T. Let p(t) = p(T =t | X = 1) for no-
tational convenience. Since the channel is symmetric, it follows
that

p(t) = p(—t)—— 5)

53

and
T =t X=1)=pT=-t|X=-1)  (©

which is also true if p(T' = ¢ | X = z) contains Dirac delta
functions. If a random variable satisfies (5) and (6), it is called
T-consistent (like symmetry for LLR). For a BSC with capacity
I, its T variable takes two values

{1—2n"'1—1),2h 1 - 1] -1}

where h[z] = —zlogy x — (1 — ) logy(1 — ) is the binary en-
tropy function and b~ 1[z] € [0,0.5]. For a BEC, its T variable
always takes three values {—1,0,1}.

From (5) and (6), it follows that the mutual information be-
tween X and T is

I(X;T) = /

J-1

+1
log, (1 + ¢)p(t)dt

1 & 1
=y — —  my; 7
1n2;22'(2i—1)m2 )
where the 2ith conditional moment ms; of the channel soft bit
is defined by

+1
Ma; = / t2ip(t)dt. ®)

-1
Note that 0 < mo; < 1 and

1 & 1
— E—T 1 t)i=1 = 1;
1n2;2¢(27;—1) o8z (1 + 8= = 1

therefore, the right-hand side of (7) is convergent. We also point
out that the singularity of log, (1 + ¢) at ¢t = —1 does not affect
the integral (7) since from (5) it follows that p(T'= -1 | X =
1) = 0. Furthermore, it is not difficult to show that

+1
/ t2p(t)dt

-1

ma;

+1
:/ 27 p(t)dt = mai_1. )

J—1

Consider an [n, k] binary linear code. Its codeword is BPSK
modulated and transmitted through n binary-input symmetric-
output independent channels. Let X = (Xq,...,X,,)andY =
(Y1,...,Y,) indicate the input vector and output vector of those
n channels, respectively. Assume that X is equally probable to
be any BPSK modulated codeword. The extrinsic soft bit for X;
of an APP decoder is defined as

Tg;=Pr(X; =1|Yy) —Pr(X; =-1[Y)

where Y ) is used to denote the vector obtained by deleting
the jth element of a vector Y. Let ¢, be the all-zero codeword
and C](-O) be the set of codewords whose jth position is 0. The
random variable 1z ; is T’ -consistent and

p(Tp,; =t] X;=1)
=p(TEe,; =t | ¢y transmitted)

=p(Tg; =t | ¢ transmitted) Ve € C](»O). (10)

?
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Furthermore, for an [n, n — 1] single parity-check code, the ex-
trinsic soft-bit satisfies

Te; = [] T

k=1,k#j

where Tk = PI‘(Xk =1 | Yk) — PI‘(Xk = -1 | Yk). In
general, the extrinsic mutual information at the output of the
APP decoder of an [n,n — 1] single parity-check code is

Y

Ip; =1(X;;Tg,;) = ﬁ g mE[Tif] | Xj=1]
= % 5; ﬁE[TiJ ; | ¢o transmitted]
= % i:: mE k_fLﬁj T? | ¢, transmitted]
:%Z T ﬁ T2 Xy =1 (12)

As a special case, if all n channels have the same distribution,
the average extrinsic mutual information is
n

1 1 &
nZI(XJ’TEJ ln—222L

j=1 =1

n—1
m2i

Ig = 13)

where the 2:th moment mo; is defined in (8).

III. AN EXTREMAL PROBLEM OF THE SECOND MOMENT

In this section, we focus on the following optimization
problem.

Problem 1: Among all binary-input symmetric-output chan-
nels with a fixed mutual information I(X;Y) = I(X;T) =
I, determine the maximum and minimum of the conditional
second moment mo of the channel soft-bit.

We will use T-system theory to solve this problem.

T-system theory (see Appendix I) requires that all integrand
functions must be continuous on a closed interval. According
to (7)

1
1) = [ Tom(1+ (e

and one can notice that the integrand log(1 + ¢) is not contin-
uous on [—1, 1]. To avoid this problem, we use the map F(p(t))
defined by

3(t) = F(p(t)) = { ol e =/, e
| (14)
The new density p(t) is defined on [0, 1]. From this we have
+1
I1=1(X;T) = / log, (1 4 t)p(t)dt
~1

- | = b1 = e
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1 & 1
=S 15
1n2;2z'(2¢—1)m2’ (1)
where
+1 +1
Mio; = / t2p(t)dt = / t2p(t)dt. (16)
—1 0

We point out that the odd moments with respect to p(t) are at
most as large as those moments with respect to p(¢), i.e.,

+1 +1
/ 2 p(t)dt < / 21 p(t) dt.
-1 0

The derivation from (14) to (16) establishes the following two
facts.
1) The mapping F(-) in (14) is a bijection from

S1 = {p | pis aT-consistent probability density;

/+1 log, (1 + t)p(t)dt = 1}

J—1

7)

to
So = {p | p is a probability density on [0, 1];
+1
[ == o= 1. as
Jo

2) Letp € Sq, then
+1 +1
/ t2p(t)dt = / t2p(t)dt.
J—1 0

Therefore, we have

+1
max /
ppESL J 4

+1
/ t?p(t)dt = min

1 PPES>

+1
Zp(t)dt = max/ t2p(t)dt (19)
p:pES2

min
p:pEST

+1
/ t2p(t)dt. (20)
0

Note that 1 — h[(1 — ¢)/2] is a continuous function on [0, 1].
Thus, we can formulate the following equivalent optimization
problem, which is solvable by T-system theory.

Problem 2: Among all probability distributions on [0, 1]
which satisfy the mutual information constraint, determine the
probability distribution oy, (o,,) which maximizes (minimizes)
the second moment. Mathematically

1
oy :argmaxaeg/ t2do(t)
0

1
Ow :argminaeg/ t2do(t)
0

and

S = {cr | '/0'1 1do(t):1;/01(1—h[(1—t)/2])da(t):I}

where o is a distribution on [0, 1]. @

Remark 1: To avoid trivial cases, throughout the remainder
of this section, we assume 0 < [ < 1.
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Let us define

L=h[(1=1)/2]
(1, 1).

(22)
(23)

A2
A

> 1>

L ua(t)
, €
Lemma 1: The system {ug, u; } is a T-system on [0, 1].

Proof: Let0 < tg < t; < L.Sinceuy(t) = 1-h[(1-t)/2]
is a strictly increasing function, one has

to) wo(t1)

det uo(to 0 =u1(t1) —wui(to) > 0.
<u1(t0) Ul(tl) 1( 1) 1( 0)

Hence, according to Definition 2 of Appendix I, {ug, u1} form
a T-system. O

Before dealing with more complicated T-systems, we need
to establish the following lemmas.

Lemma 2: The systems {1,t?,#*"} with n > 2 and
{1,#2,*,#*"} with n > 3 are T-systems on [0, 1].
Proof: See Appendix II. O

As an application, we can prove the following lemma.

Lemma 3: The augmented system {ug, u1, 2} is a T-system

on [0, 1].
Proof: Since log,(1 + t) has the following series
expansion:
1o (=D,
1 1+1¢)=— —Ft -1<t<L1
ng( + ) In2 Z k ’ <1<

k=1
one can see that

ui(t) =1 —h[(1 —t)/2]
:1+t10g2(1+t)+ !

Lloga(1-1)
R A N O DL I Ny
_ln_2(22 T

k=1
t?* ¢ telo,1].

oo

1 1
_E; 2k(2k — 1)

Att = 1, F5tlogy(1 — t) = 0 by convention. Let 0 < ¢ <
t1 < to < 1 ‘We have
1 1 1
det ul(to) ul(tl) ul(tg)
Qto) Q1) Q(t2)
1
" In2
le\ ka ka
det | 2721 H2k=T) D ohet H@R=T) Dhet HER=T)
—t3 —13 —t3
0 1
L i _ b et tglk t%lk t%’“
In2 et 2k(2]€ - 1) —t(2) —t% —t%
I S S A
In2 & 2k(2k — 1) % ok ok '

t2k t%k t%k
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The second equality is due to the interchangeability of finite sum
and infinite sum, and the last inequality is due to Lemma 2. [

Now we are ready to solve Problems 2 and 1.

Theorem I: Among binary-input symmetric-output channels
with a fixed mutual information, BSC (BEC) strictly maximizes
(minimizes) ms.

Proof: We first use T-system theory to solve Problem 2.
Next, using the map F —1, we find the solutions of Problem 1.
We use ug(t), ui(t), Q(t), and ¢ defined in (22) and (23). Let

Vic) = {a | /; wi(t)do(t) = i, i = 0, 1}

be the set of distributions which are probability distributions
and satisfy the mutual information constraint (15). Notice that
¢ € IntMs since 0 < I < 1. From Lemma 1, Lemma 3,
and Theorem 8 of Appendix I, we conclude that the distribu-
tion o* associated with the upper principal representation of ¢
strictly maximizes — fol t?do(t) and the distribution o associ-
ated with the lower principal representation of ¢ strictly mini-
mizes — fol t?do(t). Thus, 0, = 0 and 0}, = 0.

According to Theorem 7, since n = 1 is odd, the entire prob-
ability mass of oy, is concentrated at an interior point ¢, and the
entire probability mass of o,, is concentrated on the two end-
points 0 and 1. By solving (15) for oy, i.e., ui(t;) = I, we
obtain t; = 1 — 2h~1[1 — I]. According to (14), the T-consis-
tent distribution F~1(a;) has probability mass of (1 + #;)/2 at
t; and probability mass of (1 — ¢;)/2 at —¢t;. This exactly cor-
responds to a BSC with capacity [. Similarly, for o,, one can
conclude that the probability mass at 1 is . The T-consistent
distribution #~1(o,,) has probability mass of I at 1, and prob-
ability mass of 1 — I at 0. This exactly corresponds to a BEC
with capacity 1. O

For a BEC with mutual information I, its ms is equal to 1.
For a BSC with mutual information I, we have

my =t2 = (1 —2h 1 —I])%

Define a function

O(z) = (1 =271 = a])%,

The following property of ®(z) will be useful for us in the
sequel.

z€0,1. (24

Lemma 4: ®(x) is a strictly increasing and concave function
on [0, 1]; its inverse @1 (x) is strictly increasing and convex on
[0, 1].

Proof: ®(z) is obviously strictly increasing on [0, 1]. Thus,
its inverse function exists

o Yz)=1—h (1 _2\/5> .

It is easy to see that ®~1(z) is strictly increasing and convex on
[0, 1]. Thus, it follows that ®(z) is concave. O



56

IV. MMSE AND MUTUAL INFORMATION

In this section, we show how to apply results from the pre-
vious section for analysis of the MMSE estimator of a binary-
input symmetric-output channel.

It is easy to see that the channel soft bit 1I" defined in (2) is
in fact the MMSE estimator for the channel input X. It is well
known that the MMSE is equal to

MMSE = E[(X — T)?] = E[X?] - E[T?] =1 - E[T?].
Further
E[T?] = (E[T*X = 1] + E[T?X = —1])/2

=E[T*X =1] = my (25)
where the second equality is due to (6). Hence
MMSE =1 — mo. (26)

Theorem 2: Among binary-input symmetric-output channels
with a fixed mutual information, the MMSE for estimating the
channel input in a BSC is strictly minimal.

Proof: Combine (26) and Theorem 1. O

For a BSC with mutual information I, we have derived that
me = ®(I) = (1 —2n71 - 1])%
Thus, for BSC, we have
MMSE =1 — &(1).

It is easy to see that as I increases, its MMSE decreases, as
expected.
Similarly, we have the following.

Lemma 5: Among binary-input symmetric-output channels
with a fixed mutual information, the MMSE for estimating the
channel input in a BEC is strictly maximal.

Proof: Combine (26) and Theorem 1. O

For a BEC with mutual information I, we have

MMSE =1-1.

V. PROPERTIES OF SOFT-BIT MOMENTS

In this section, we will characterize the ordering between
moment sequences of channel soft bits of a BSC (or BEC)
and any other binary-input symmetric-output channels with the
same mutual information value. These ordering properties will
be used to prove the information combining results. We first
prove the following auxiliary lemma.

Lemma 6: The moment sequence {mz; }52, of a channel soft
bit defined by (8) has the following properties:

1) {m2;}32, is nonnegative and nonincreasing;
1 ma my

2) the ratio sequence § -, &,
Proof: Nonnegativity is obvious. For 7 > 1

+1
M2 —M2ij+2 = /

-1

.. } is nonincreasing.

(% — > 2)p(t)dt > 0;

thus, {m2;}52, is nonincreasing.
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By Holder’s inequality, forz > 1
maiy> = B[T%+) = BTT'?(] < BT P} - BT 2]}
=E[T%]7 - E[T**)? = /myimaita
where the expectation is with respect to p(t). Due to the non-

negativity of my;, we have for s > 1

M2 > M2i+2

M2i+2 ~ M2it4q
ma
my

L>

mo

B[T?) = BlJ1 - 72 < (BJE[T*)"/? = B[T*)'/?

It remains to show

. By Holder’s inequality

thus, m3 = E[T?]? < E[T*] = my. This concludes the proof.
]
Remark 2: Another conclusion [26, p. 110] related to ratios
of moments is as follows: let F’ be an arbitrary probability dis-
tribution function and v; = [ |z|'dF(z); then

V2q

Vo
> 2141 ]

V241 V2i+2

The following lemma can be used to prove that BSC is the
best channel (or most informative channel) for information com-
bining at a check node of an LDPC code. Recall that S; defined
in (17) is the set of T-consistent distributions on [—1, 1] which
satisfy the mutual information constraint.

Lemma 7: There are two possible types of ordering for the
moment sequence {my 2; }5°, of the BSC and the moment se-
quence {my, 2, }52, of an arbitrary channel with p € Sy:

1) mp,2; > Myp2; forl < 7 < 179, and mp,2; < My 24 for

1 2> 1g;
2) My 2; > Myp 2 forl < 7 < 1o, my 2i, = My 2i, and
my2; < Mp 2; for ¢ > ig;
where ¢ is an integer depending on p.
Proof: For the BSC, its moment sequence {ms 2; = 12392,
is a geometric sequence; therefore, the moment ratio

mp2; 1

3’

Tb,2i = 12> 1.

Mp 2i+2

By Theorem 1, we have mj 2 > 1, 2. Since p € S1, we have

(e}

1 1 1
2 2 2@ )" T s

(e}

1
2 2i(2i — 1)

=1

my i =1

and therefore there exists at least one index ¢ such that m,, 2; >
my, 2;. Let ig be the smallest index with this property. Then there
are two possible cases.
D mp2iy < mp 2i4:
By the definition of 5, we have my, 2; > myp o; for 1 <¢ <4o.
It is easy to see that

Mp 2i0—2 S Mp 2ig—2

Tb,2ig—2 = = Tp2ig—2-

Mb,2i, Mp,2iy

By Lemma 6, we have 7}, 2;; < Tp2ig—2 < Th2ip—2 =

Tb,2ig5 1.€.,

mMp,2q mp,2q
P;4t0 20
Tp2ipg = ———— < Tp 25y = ————

Mp,2ip+2 T, 240 +2
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Fig. 1. The moment sequences of a BSC, a binary-input AWGN channel, and a BEC. All three channels have mutual information 0.5.

Thus

mp,2i,

Mp,2ip+2 < Mp 2ig+2 < Mp 25042 27

Mp,2ig
Using the above argument repeatedly and sequentially for
1 > 19+ 2, one can conclude that my, 2; < My, 2; fors > 4.
This concludes the proof of the first case.
2) mp2iy, = Mp 2i4:
The remaining proof is exactly the same as in the first case
except that the second inequality (<) in (27) becomes an
equality. O

Similarly, the following lemma will be used to prove that the
BEC is the worst channel (or least informative channel) for in-
formation combining at a check node of an LDPC code.

Lemma 8: There are two possible types of ordering for the
moment sequence {m,, 2; 152, of the BEC and the moment se-
quence {m,, 2;}5°, of an arbitrary channel with p € Sy:

1) Myp 2i > Moy 2i forl < ¢ < 71, and Myp2i < May,2i for

1> g5

2) Mp2; > My 2i for1 < i < iq, Mp 2i; = My 24y and

Myp2i < My, 2; for 7 > iq;
where 41 is an integer depending on p.

Proof: Itis easy to see that {1, 2; =I}$°,. By Theorem 1,
one has m,, » < m, 2. Since p € S; we have

1 «— 1 1 1

— P Y i=1=— — My 2i

anZ%(Zi—l)mP’Z 1n222z(2z—1)m 2
(28)

(e}

and therefore there exists at least one index ¢ such that m, »; <
M.y, 2;. Let 11 be the smallest index with this property. Then

1 <9 <. (29)

MMy, 20 < Mp,2i,

For the 271 th moment, there are two possible cases.
D) M 2i, > My 24,
For ¢ > 41, one has

Map,2i = Map,2i; > Mp 23y 2> Mp 2

where the last inequality is due to Lemma 6. This concludes
the proof of the first case.
2) Mw,2i; = Mp2i,:
We claim that m 2;, 42 < myp 2;, and prove it by con-
tradiction. If not so, it must be my 2;, 42 Mp,2i,
since moments are nonincreasing. Therefore, 7, 2;,
My 2i, /Mp 2i,+2 = 1. Together with the fact that a ratio
of two consecutive moments is at least 1 and Lemma 6,
we obtain 7, o; = 1, ¢ > 41. Thus
Mp 28 = Mp 25, = M 2i; = M2 = 1, 1> 4.
Together with (29), it is obvious that (28) is violated. Thus,
we have proved that my, 2;, 12 < My 2;,, and it follows
My 2, +2 < M, 2i; +2. The rest of the proof is the same as
in the first case. O

As an example, in Fig. 1, we plot the initial parts of the mo-
ment sequences of a BSC, a binary-input AWGN channel, and
a BEC, all having mutual information 0.5.
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VI. INFORMATION COMBINING

Let (X1,...,X4) be a codeword of either a [d, 1] repetition
code, or a [d,d — 1] single parity-check code. The repetition
code is a model for a variable node of degree d — 1 with an
incoming message from a communication channel. The single
parity-check code is a model for a check node of degree d. As-
sume d > 3 to avoid trivial cases. Assume X; is BPSK modu-
lated under the mapping 0 — +1 and 1 — —1, and transmitted
through a binary-input symmetric-output channel with output
Y:. 1 < ¢ < d. These d channels are assumed independent.
In this section, we focus on the type of information combining
problem proposed in [16], [17].

Problem 3: Fix the binary-input symmetric-output channels
X, — Y., 1 <1 < d-2, and fix the mutual information
of X4_1 — Y;_;. Find symmetric channel distributions for
X4g—1 — Y;_1 such that the extrinsic mutual information
I(X4;Y1,Ys, ..., Y, 1) is maximized or minimized.

Due to [17, Lemma 3], we only need to solve either the
variable node problem or the check node problem. In this sec-
tion, we will solve Problem 3 for a degree d check node, i.e., a
[d,d — 1] single parity-check code, using the properties of the
moments ma;.

Since we will work with moments of soft bits, we will refor-
mulate Problem 3 in terms of soft bits. Without loss of gener-
ality, the extremal problem of information combining at a check
node can be stated as follows.

Problem 4: Let (X1,...,X4) be a codeword of a [d,d — 1]
single parity-check code. Fix the first d — 2 binary-input
symmetric-output channels X; — Y;, 1 < ¢ < d — 2,
and let each channel have a positive mutual information.
Find symmetric channel distributions for Xy 1
that maximize and minimize, respectively, the extrinsic
mutual information I(X4;Tg4) subject to the constraint
I(Xd—1§Td—1) =1I4_1,0< Iy_1 < 1.

Remark 3: If any of the first d — 2 channels has zero mutual
information, I(X4; Tk 4) is also zero. Thus, we assume they all
have positive mutual information. The assumption 0 < I;_; <
1 is also used to avoid trivial cases.

Before solving Problem 4, we need to prove the following
lemma.

Lemma 9: Assume a; > Ofori > 1,1 > by > by > --- >
b; > --- > 0. Let sequences {z; }32,, {v;}32, satisfy

Dz >0,y >0,fors > 1;

2) Y2 aim = 0 4y

3) z; >y;forl << k,and z; < y; forv > k.
Then

oo oo
Z a;biz; > Z a;ibiy;.
im1 im1

and a necessary and sufficient condition to achieve the equality
isb; = const, 1 = 1,...,00.
Proof: See Appendix III. O

Now we are ready to show the following theorem, which
solves Problem 4.
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Theorem 3: [17, Theorem 3] Under the constraints of
Problem 4 the BSC and BEC maximize and minimize the
extrinsic mutual information I(X4; Tk 4), respectively.

Proof: Let {m2;}52, indicate the moment sequence for
Ty_1. Define
1 1

i=———— >0
“ In224(2i — 1)
d—2

=

k=1

T2 X}, = 1].

Obviously,1 > by > by > --->b; > --- > 0.By(7) and (12),
we have

Ij 1 =1(Xq-1;Tq1)

Z a;b;ma;.

By Lemmas 7 and 9, we conclude that BSC with the prescribed
mutual information I;_; maximizes I(X4; Tr 4). Similarly, by
Lemmas 8 and 9 , we conclude that a BEC with the prescribed
mutual information I4_; minimizes I(X4; Tr,q)- O

o0
= § ;124
=1

I(X4;Tgq) =

We would like to note that the condition by = by = --- =
b, = bny1 = -- - is equivalent to requiring each channel X; —
Y:, 1 <4 < d— 2, to have a constant moment sequence, i.e., all
of them to be BEC channels. Thus, if X; — Y;,1 <i<d - 2,
are all BECs with mutual information I;, the extrinsic mutual
information

I(X4;Tga) =

ka

does not depend on the channel distribution of Xy_1 — Y;_1.
It means for X;_1 — Yy_1, that a BSC, BEC, or any other
channel distribution with mutual information I;_; leads to a
constant extrinsic mutual information. Otherwise, if any channel
among X; — Y;,1 < i < d—2,isnota BEC, by Lemma 9, the
BSC for X;_1 — Y, strictly maximizes the extrinsic mutual
information I(X4; T, 4), and the BEC strictly minimizes it.

For a [d, 1] repetition code, we know that X; = Xp = --- =
X 4. Assume at least one of the first d — 2 channels has positive
mutual information. If X; — Y;, 1 <7 < d — 2, are all BECs
with mutual information I;, for X;_; — Yy_1, a BSC, or a
BEC, or any other symmetric channel distribution (with mutual
information I;_) leads to a constant extrinsic mutual informa-
tion. Otherwise, the BEC is a strict maximizer, and the BSC is
a strict minimizer.

Now consider the case [13] when the distribution of each
channel is allowed to vary subject to a mutual information
equality constraint in (0,1). At a check node, by applying
Theorem 3 sequentially, one can conclude that when X; — Y;,
1 < i < d — 1, are all BSCs, the extrinsic mutual informa-
tion 7(X4;Y1,Ys,..., Y, 1) is strictly maximized. However,
the minimizing distribution is not unique. As long as there
is at most one non-BEC distribution for d — 1 channels,
I(X4;Y1,Y,...,Y;_1) is minimized. Similarly, for a [d, 1]
repetition code, when X; — Y;, 1 <14 < d — 1, are all BSCs,
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the extrinsic mutual information I(Xg4;Y1,Ys,...,Yq—1) is
strictly minimized. However, the maximizing distribution is not
unique. As long as there is at most one non-BEC distribution
for d — 1 channels, I(Xg4;Y1,Ys,..., Y, 1) is maximized.

In [13] and [17], the bounds obtained in the information com-
bining problem were used to bound the EXIT chart of LDPC
codes. For a degree d variable node (corresponding to bit b €
{—1,+41}), let r(z) be the probability density function of the
channel LLR message conditioned on b = +1, and I, be the
channel mutual information. Let I 4 be the mutual information
for each incoming message. The upper bound on the extrinsic
mutual information is [17]

Ivpyxp =1 — (1 — L) (1 - 1) (30)
and the lower bound is [17]
a1 0
_ - k d—1—k
Iigyvnp =1 - Z < 1 )P (L-p)
k=0
. p 412
'/700 log, <1 +e (E) ) r(x)dx
(31)

where p = h~1(1 — I4). These two bounds will be used in
Section VIII.

Furthermore, in [17], best and worst performance bounds
were derived and used to predict the convergence of the be-
lief propagation decoding of LDPC codes. However, the gap
between the predicted threshold and the exact threshold is
significant. For instance, in [17], it was computed that, for bi-
nary-input AWGN communication channels and LDPC codes
of various rates, the upper bounds on the thresholds are about
0.5 dB above the exact thresholds, and the lower bounds on the
thresholds are about 1.2 dB below the exact thresholds. This
observation motivates us to improve the bounds. To this end, in
the next section, we study an extended information combining
problem.

VII. AN EXTENDED INFORMATION COMBINING PROBLEM

A. More on Properties of Soft Bits

In this section, we consider an extension of the original ex-
tremal information combining problem by adding a constraint
on the second conditional moment ms. The motivation is to
narrow the gap between the maximum and minimum of extrinsic
mutual information at a check node. In turn, this will potentially
help improve the prediction of convergence of the belief propa-
gation decoding of LDPC codes, which will be analyzed in Sec-
tion VIIL. Throughout this section, we keep assuming all chan-
nels X; — Y;, 1 < i < d, are independent.

Problem 5: Let (X1,...,X4) be a codeword of a [d,d —
1] single parity-check code. Fix the first d — 2 binary-input
symmetric-output channels X; — Y;, 1 < ¢ < d — 2, and
each channel has a positive mutual information. Find symmetric
channel distributions for X;_1 — Yy_; that maximize and
minimize the extrinsic mutual information I(X4; Tk ), respec-
tively, subject to the following constraints:

o [(Xa—13Ty—1) = Ig—n;
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* Mo = E[sz_1|Xd_1 = 1] = 9;
where 0 < Iy < land Iy < 6 < ®(14-1).

Recall that ®(x) is defined in (24). Since we will work with
soft bits, a channel distribution for X4_; — Y;_1 means a prob-
ability distribution of T;;_; conditioned on X4_; = 1. We use
Py and P, to indicate the maximizing and minimizing distri-
butions, respectively. Since 0 < I;_1 < 1, by Theorem 1, we
have the following.

1) If I; 1 = 6, there is only one channel distribution, namely

BEC, satisfying both constraints.

2) If § = ®(I4_1), there is only one channel distribution,

namely BSC, satisfying both constraints.

3) If0 € (I4—1,®(l4-1)), there are infinitely many channel

distributions satisfying both constraints.
Thus, Problem 5 is nontrivial if and only if 0 < I;—1 < 1 and
Ij—1 < 8 < ®(I4-1). Notice that these two conditions imply
0<6 <l

Recall that the extremal distributions for Problem 4 are
exactly the extremal distributions for Problem 1. Following
that approach, first, we consider the following optimization
problem. Later we will show that the extremal distributions of
this problem are exactly the same as those of Problem 5.

Problem 6: Among all binary-input symmetric-output chan-
nels with a fixed mutual information I(X;Y) = I(X;7T) =1
and a fixed conditional second moment ms, determine the max-
imum and minimum of the conditional fourth moment m,4 of
the channel soft-bit.

Again, since we will work with the channel soft bit, we focus
on its conditional probability distribution and use P, and
Py, to indicate the maximizing and minimizing distributions,
respectively.

We will use T-system theory to solve Problem 6. As in the
approach to Problem 1, we transform Problem 6 to an equivalent
problem on the domain [0, 1]. For convenience, we first make the
following definitions:

uo(t) 21

ui(t) 22

us(t) £1 = h[(1—1)/2]
Q)& -t

c= (007 C1, 02) 2 (17 67 Id—l)'
The equivalent problem is as follows.

Problem 7: Among all probability distributions on [0, 1]
which satisfy an equality constraint on mutual information and
an equality constraint on conditional second moment, deter-
mine the probability distribution 3 (,,) which maximizes
(minimizes) the fourth moment m4. Mathematically

1
oy = arg max/ ttdo(t)
o€S 0

1
Gy = arg min/ tdo(t)
o€S 0

S={o| '/0'1 w;(t)do(t) = ¢;,0 <7 < 2},

where o is a distribution on [0, 1].
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After this problem is solved, by taking an inverse mapping of
(14), we obtain the extremal distributions to Problem 6.
Next, we prove a couple of lemmas related to T-systems.

Lemma 10: {ug,uy,us} is a T-system on [0, 1].
Proof: We have already shown in Lemma 3 that {1,1 —
h[(1 — t)/2], —t*} is a T-system on [0, 1]. By Definition 2,
{1,#2,1 — h[(1 — t)/2]} is a T-system on [0, 1] as well. d

Lemma 11: The augmented system {uq,us,us2,§2} is a
T-system on [0, 1].

Proof: The proof is similar to the proof of Lemma 3, with

the help of Lemma 2. ]

Since we have proved both {ug,u1,us} and {ug, uy, us, 2}
are T-systems on [0, 1], we will use the notation V(¢) from
T-system theory, i.e., V(c) S, where S is defined in
Problem 7. Now we are ready to solve Problem 7 (equivalently,
Problem 6).

Obviously

V(e)

{a| /01 wi(t)do(t) = ci, i = 0, 1,2}

is a set of distributions which are probability distributions and
satisfy constraints on the mutual information and the conditional
second moment. Notice that ¢ € IntM3 since 0 < ;1 < 1
and I;—1 < 0 < ®(I4—1). By Lemmas 10 and 11, as well as
Theorem 8 of Appendix I, we concludes that the distribution o*
associated with the upper principal representation of ¢ strictly
maximizes — fol t*do(t), thus, 7, = o*. For the same reason,
the distribution o, associated with the lower principal represen-
tation of ¢ strictly minimizes — fol t*do(t), thus, 6 = 0..
Next, we will determine 03, 7,,, and map them by F “L(F
defined in (14)) back to T-consistent distributions on [—1, 1],
which will be P, and Py ,,, respectively. According to The-
orem 7, since n = 2 is even, ¢ = 1, all probability mass of
gy, concentrates at two points {0, ¢1}, where ¢; is an interior
point, and all probability mass of ,, concentrates at two points
{s1,1}, where 0 < s1 < t1. Correspondingly, Py, = F~'(5)
has probability mass of pg at 0, probability mass of py 1 at ¢,
and probability mass of 1 — pg — pp,1 at —¢;. From the con-
straints and the distribution structure, we can determine that

tr=f"1 <Id9‘1> (32)
. g - (1 + tl)
Dbl = o (33)
1 2pb,1
po =1 T+t (34)
1—h[(1- 2
) = L MO 2O (35)

Since f(w) is a strictly increasing function on [0, 1], £~ is well
defined.
In Fig. 2, we give a not-to-scale illustration for P, .
Similarly, Py ., = F~*(5,,) has probability mass of p,, 1 at

51, probability mass of p,, 1 1;2 at —s1, and probability mass
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DPb,1
Po

1—po—pba

-1 —11 0 t1 1
Fig. 2. A not-to-scale illustration for the distribution Py ;.
pw,l pQ

1—p2—puwa

-1 —81 0 S1 1

Fig. 3. A not-to-scale illustration for the distribution Py ., .

of p2 at 1. From the constraints and the distribution structure,
we can determine that

1-1,;-
s =g ! (—1 _dg 1) (36)
1-4
Pw,1 = m (37)
0 —s3
p=ig (38)
h[(1— 2
g(z) = % (39)

Since g(x) is a strictly increasing function on [0, 1], g~ ! is well
defined.

In Fig. 3, we give a not-to-scale illustration for Py ,,.

In summary, we have the following theorem.

Theorem 4: Among binary-input symmetric-output channels
with a fixed mutual information /;_; and a fixed conditional
second moment #, where 0 < I;_; < land Iy < 6 <
®(I4-1), the channel corresponding to Py j, (Py,,,) strictly max-
imizes (minimizes) 1my.

For convenience, we define the following set:

S1 = {p | pis aT-consistent probability density;
+1 +1
/ log, (1 + t)p(t)dt = I,/
-1

t2p(t)dt = 0}. (40)
—1
For P, ;, the moment sequence {1 2; = Ht%i_z}fil is a geo-
metric sequence. Thus, similar to Lemma 7, we have the fol-
lowing statement.

Lemma 12: There are two possible types of ordering for the
moment sequence { ﬁlb,zi}?il of P, ; and the moment sequence
{mp 2}, of any p € S; other than Pyy:

1) Thbygi > My 2; for 2 < 7 < 179, and ﬁLb,Qi < My 24 for

1 2> 1g;
2) 'ﬁ'lbyQi > My 2 for 2 < 7 < 1o, mb,Zio = Myp 2, and
ﬁ’bb,zi < Mp 2i for ¢ > igp;
where ¢ is an integer depending on p. Obviously, my2 =
mp2 = 0.

Proof: Similar to the proof of Lemma 7. O
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Fig. 4. The moment sequences of P4 3, a binary-input AWGN channel and P, ,, at I;—; = 0.5 and # = 0.562223.

Before proving ordering properties related to Py ,,, we need
to establish the following lemma.

Lemma 13: Let {mo;}52, be the moment sequence of a
channel soft bit. Define Ay; = mo; — ma;4o for¢ > 1, and
Ag =1 —ma. {Ag}32, has the following properties:

1) {A9;}52, is nonnegative and nonincreasing;

2) the ratio sequence { Aéfiz 72, 1s nonincreasing.

Proof: Nonnegativity is true since the moment sequence
is nonincreasing, and 1 > ms. Due to the second property in
Lemma 6, we have for i > 1, m3;,, < maimaits. It follows
that

mao; + M2i44
2
= Mo; — Mai412 2> M2it2 — M2it4

= Ag; 2> Agiyo.

1/2
Mait2 < [MaiMmaita) /2 <

Due to Lemma 6, we have 1/ms > mso/my. Thus

1
my <[Lem 2 <
=1—mg > mog—my

= Ay > As.
By Holder’s inequality, forz > 1

Agiyo=E[THT2(1 — T?)|=E[|T°V/1 -T2 - T"T2\/1-T72|]
<E[T"V/1 =127 -E[|T"t*/1 - T2)?]>
=E[T%(1 = T?)] - B[T*t4(1 — T?)]

=/ A2 Asity

where the expectation is with respect to p(7'|x = 1). Due to the
nonnegativity Ao;
(2

Agiyo = Aoiyy’

> A27‘,+2

Also by Holder’s inequality, we have
Ay =E[T?(1 - T%)] = B[|V1-T2-T*J/1 -T2
<E[V1-T2P)F - E[T°V1 - T2
=E[(1 - T%)]7 - E[T*(1 - T%)]?

=vAoAy

thus
Ao Az
Ap = Ay
Now we are ready to prove the following result for Py ,,.

Lemma 14: There are two possible types of ordering for
the moment sequence {7y 2;};2; of P, and the moment
sequence {mp 2;}52; of any p € S, other than Py

1) mp2;i > Mo for 2 <4 < iy, and mp 2; < 1My 2; for

12> 01
2) Myp.2i > Thw’Qi for2 < 1 < 14, Mmp 2i, = ’I7~’Lw,27;1 and
Myp.2; < My, 2; TOr i > iq;
where 41 is an integer depending on p. Obviously, 1., 2 =
mp2 = 0.

Proof: See Appendix IV. O

For example, when I;_1 = 0.5 and = 0.562223, we plot
the initial parts of the moment sequences of P, 3, a binary-input
AWGN channel and P, ,, in Fig. 4.

Now we are ready to show the following theorem, which
solves Problem 5.

Theorem 5: Under the constraints of Problem 5 the distribu-
tions P, 3 and P, ,, maximize and minimize the extrinsic mutual
information I(X4; T,q), respectively.
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Proof: Let {mg; }32
Define

°, be the moment sequence for Ty_;.

1 1 >0
=
1n2 2i(2i — 1)

b_HE

Obviously,1 > by > by >--->b; > --- > 0.By(7)and (12),
we have

i|1X, = 1.

Ig—y =1(Xa-1;Ta—1

ZabmgZ

By Lemmas 12 and 9, we conclude that P,; maximizes
I(X4; Tg q). Similarly, by Lemmas 14 and 9, we conclude that
P, ., minimizes I(Xy4; Tk q)- O

oo
) = E a;ma;,
=1

I(X4;Tga) =

Remark 4: According to our notation, we have P, = Py
and Py, = Py .

As pointed out after the proof of Theorem 3, if X; — Y,
1 < i < d — 2, are all BECs with mutual information I;, the
extrinsic mutual information

d—1

~Tl»

does not depend on the channel distribution of X471 — Y;_1.
It means the gap between the maximum and minimum of
I(X4;Tg,q) is zero. On the other hand, if any channel among
X; = Y,1 <1 < d-—2isnotaBEC, by Lemma9, Py
for Xq—1 — Yy_; strictly maximizes the extrinsic mutual
information I(X4; Tk 4), and Py ,, strictly minimizes it.

Let us now consider a case where the distribution of each of
the d — 1 channels X, — Y, 1 < k < d — 1, is allowed
to vary subject to a mutual information equality constraint I
and a conditional second moment equality constraint 6. We
assume that 0 < I < 1 and I, < 6 < ®(I). By sequentially
applying Theorem 5, we can conclude that when all of the d — 1
channels are of the type P, (with appropriate parameters), the
extrinsic mutual information (X 4; TE,d) is strictly maximized.
Similarly, when all of the d — 1 channels are of the type P,
(with appropriate parameters), the extrinsic mutual information
I(X4; T 4) is strictly minimized.

I d; TE (l

B. Computation of Bounds

In this subsection, we derive the formulas to compute the
maximum and minimum of the extrinsic mutual information
I(X4; T q) at adegree d check node for the following scenario:
the distribution of each channel X;, — Y., 1 < k < d-—1,is
allowed to vary subject to an equality constraint on mutual in-
formation and an equality constraint on conditional second mo-
ment. For simplicity, we assume that for all d — 1 channels, the
mutual information constraint value is I 4 and the mo constraint
value is 6. In fact, this kind of constraint is typical for EXIT
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chart analysis of LDPC codes. We assume 0 < [4 < 1. Itim-
plies0 < 6 < 1.
We first treat the nontrivial case where [4 < 0 < ®(I4).
We know that when all d — 1 channels have the same channel
distribution Py, (i.e., Pyy), I(X4; T q) is maximized. Recall
that for Py, T}, for the kth channel has three values:

{_t1707t1}

where £; is computed by (32) as

ti=f" <%A> .

-1
Tga= H Ty € {—td71,0,t471)

k=1

By (11), we have

By (10), we can determine that

PriTpa=0Xg=1=1-(1 _po)d—l 41)

1+t
2
where pg is computed by (34). Then we obtain the upper bound
as

Pr[Tgq =t Xg=1]=(1 - po)?™ (42)

Ipv=1(Xq;Tg,q)

+1
= / logy (14 t)p(Tpa =1t | Xa = 1)dt

-1
1_td—1
1—h| —2—]|.

(43)

0 d—1
- (%)

To obtain the lower bound, all d — 1 channels should have the
same channel distribution P, (i.e., P4 ,,). Recall that for P,,, T},
for the kth channel has four values:

{_17 —81, 51, 1}

where s; is computed as

1 1- IA
81 = .
1=9 \1-9
Since 0 < T4 < land T4 < 6 < ®(14), wehave 0 < 81 <
V6 < 1.By (11), we have
d—1
TE,d = H T, € {—1, —S‘li_l, N
k=1
Due to Pr[T}, = —1]| X} = 1] = 0 and (10), when we compute
the probability mass function of T 4 conditioned on Xy = 1,

we can neglect any combination of 7}, 1 < k < d — 1, if any
T}, is equal to —1. Through some computation, we have

s 1Y,

y TS15S1y 00

Pr(Tgqa=1Xg=1)=p§ " (44)
and
Pr(Tga € {s{,—si}|Xa=1)
i 2\d—1—1
_ (d: 1) (1- 2 (_esg)il_)l @)
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Thus, the lower bound is

+1

IE,L :I(Xd;TE’d):/ logg(l-}-t)p(TE’d:t | Xd:].)dt
1

) )]

(40)

For the trivial case where 14 = 6, i.e., all d — 1 channels
are BECs, the lower and upper bounds coincide as Ij_l. For
another trivial case, where § = ®(14), i.e., all d — 1 channels
are BSCs, the lower and upper bounds coincide as [1]

- (1 - 2h—;(1 - IA)]d_1> _

Combining the nontrivial and trivial upper bounds together,
we get the complete upper bound for I, < 6 < ®(I4) as

0 d—1 l—td_l
1 =[5 1-— -1
wo=(z) [ h( 2

where ¢; = f~'(£2). We can establish the following proper-
ties related to the complete upper bound (47). Recall that by

Lemma 4
o Yaz)=1-h <#)

and ®~!(z) a strictly increasing function on [0, 1].

(47)

Lemma 15:

1) Assume that § is fixed. The upper bound Ig iy (47) is a
strictly increasing function of 14, provided that ®~1(#) <
Iy <6.

2) Assume that 14 is fixed. The upper bound Ig iy (47) is a
strictly increasing function of 6, provided that 14 < 0 <
D(14).

Proof: See Appendix V. O

Combining the nontrivial and trivial lower bounds together,
we get the complete lower bound for 74 < 6§ < ®(14) as

6— 52 d—1 1_g\%! 1— gl-1
Ig 1= 1— S S
(H%) *(1—%) "

() 5

(48)

where s1 = g_l(%). We can establish the following prop-

erties related to the complete lower bound (48).

Lemma 16:

1) Assume that @ is fixed. The lower bound Ig 1 (48) is a
strictly increasing function of 74, provided that ®~1(4) <
T4 <6.

2) Assume that I, is fixed. The lower bound I 7, (48) is a
strictly increasing function of 6, provided that T4 < 6 <
D(14).

Proof: See Appendix VI. O
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C. Bounding the CND Exit Function With Gaussian Priors

In the design of LDPC codes, for instance [9], it is often as-
sumed that the a priori information is conditionally Gaussian
distributed. Then, the CND EXIT function is approximated by
[9. eq. (9)]

Inenp(lad) 1= (VA=T-071 (1= 1)) @9)
which is based on the duality theorem from [8]. The .J(-) func-
tion is the mutual information between the input and output of
a binary-input AWGN channel. To facilitate the computation,
both J(-) and J () are approximated piecewisely by some el-
ementary functions. In this section, we use our lower bound in
(46) and upper bound in (43) to bound the CND EXIT function.

For a given 14 € (0,1), we first compute the conditional
second moment of the channel soft bit. Let us indicate it by 6.
Then we use (46) and (43) to compute the bounds.

In Fig. 5, for a d = 4 check node, we plot the upper bound
(43), lower bound (46), and the approximation function (49)
together. We can see that the gap between the lower and upper
bounds is very small, and the approximation function is very
accurate. We did the computation for many other check degrees,
and made similar observations. Thus, our bounds are very tight
for the CND EXIT functions with Gaussian priors, and (49) is
very accurate.

VIII. PREDICTION OF CONVERGENCE OF LDPC DECODING

In this section, we will describe how the results from the ex-
tended information combining problem can be used to predict
the convergence of the belief propagation decoding of LDPC
codes. Later, we will argue why this method has the potential to
improve the prediction.

Let {Ax} and {pi} be the left edge (variable) degree distri-
bution and right edge (check) degree distribution, respectively.
The codeword of the LDPC code is sent through a memoryless
binary-input symmetric-output communication channel, which
ensures that in the belief propagation decoding messages are
symmetric [3]. Let . indicate the mutual information of the
channel, and 6. indicate the conditional second moment of the
channel soft bit. Recall that the relation between an LLR L and
a soft bit T is T = tanh(L/2).

First, we will describe how to obtain a best performance
bound on the decoding trajectory of mutual information. At the
first iteration, a VND will directly send the incoming channel
LLR to each variable-to-check edge as the outgoing message.
Thus, the average mutual information of variable-to-check
messages is

I =3 M.=1
k=1

and the average conditional second moment of vari-
able-to-check messages (in the soft-bit domain) is

65 = Ml = .
k=1
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CND EXIT function: d=4
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Fig. 5. For a d = 4 check node, compare the upper bound (43), lower bound (46), and an approximation function (49) on its EXIT function.

Based on these two quantities, we use (47) to compute the upper
bound on the mutual information of an outgoing check-to-vari-
able message for a degree k check node. Let Ic(ll))k be the upper
bound. The upper bound on the average mutual information of
check-to-variable messages is

oo

2

IM =

cv, k
This concludes the first iteration.

Now we consider the second iteration of decoding. For a de-
gree k variable node, the upper bound Ifw)k on the mutual in-
formation of an outgoing variable-to-check message is obtained
when all incoming check-to-variable messages are BECs; thus,
we have

7@ _

ve,k T

— (1 =15
Next, we need to upper-bound (i.e., maximize) the conditional
second moment of an outgoing variable-to-check message (in
the soft-bit domain), given the mutual information Iéll,) of in-
coming messages. This is an unsolved problem, and its connec-
tion to MMSE will be discussed in Section VIII-B. First, we can
show that the maximum and minimum exist. It follows from se-
quential compactness of the space of symmetric distributions
[25] (under point-wise convergence at points of continuity of
the cumulative distributions) and continuity of mutual informa-
tion and the moments. Assume the upper bound 61(;22 & 18

6(2) = (I

ve,k T

! '(1_10)-

I 1. k) (50)

cv ?

where (-, -, -) needs to be determined. The upper bound on the
average conditional second moment of variable-to-check mes-
sages (in the soft-bit domain) is

Z )‘kagzc k*

The upper bound on the average mutual information of vari-
able-to-check messages is

2)_2/\

Based on these two quantities, for a degree k check node, we
use (47) to compute the upper bound Ip( )k on the mutual in-
formation of an outgoing check-to- variable message. The upper
bound on the average mutual information of check-to-variable
messages is

%) —

1)(’

7%

ve,k”

I =

Zpk cv,k*

This concludes the second iteration.

The computation for the remaining iterations is the same as
that for the second iteration. The following property is useful to
ensure that this procedure leads to a best performance bound.
The proof of the property was told to us by T. Richardson.

Lemma 17: (T. Richardson) For given I.. and k, ¢ (1., I, k)
in (50) is a nondecreasing function of I,,.
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Proof: Let I, 2 > I, and f, g be the maximizing LLR
distributions for I., ; and I, 2, respectively. Let r be the distri-
bution for channel message. For I, 1, the output LLR has the
distribution r ® f2*=1) where ® stands for convolution of dis-
tributions. Let 61 be the associated second moment. Similarly,
let 65 be the associated second moment to r ® g®*~1) . One can
upgrade f to g (this concept is established in [25]). It follows
that r ® g®*~1 is upgraded with respect to r @ f*(* =1 _Since
the second moment of soft-bit is monotonic under degradation
[25, Ch. 4], it follows that the second moment 6 of r @ g®(k—1)
is greater than or equal to the second moment #; of r @ f®(k—1)

O
Remark 5: Similarly, one can show that the minimum second
moment is a nondecreasing function of I.,.

Another property needs to be shown is as follows.

Lemma 18: If (I3,65) and (I3, 6;) satisfy

I >Il, Ay > 0,

I, <0, < ®(Iy), I <6 < (1)

the upper bound value in (47) for (I, f2) is strictly larger than
the value for (11, 6,).
Proof: In the first step, we define a new pair

I = Iy, g = min{®(I),6>}.

Since V) > 6;, by Lemma 15, the upper bound value for
(I, 9M) is not smaller than the value for (I;,6;). In the
second step, define

1® = min{l,, 60}, 62 =),

Since #") > I, and I, > I;, we have I® > I, = T(D,
By Lemma 15, the upper bound value for (7(?), #()) is strictly
larger than the value for (1(V), (). In general, fori > 1, define

(I(2i+1)7 0(2i+1)) — (1(27,)/ min{@(I(%)), 92})
(I(ZH_Z), 6(21'-1—2)) — (min{IQ, 9<2i+1)}, 9(21‘-{-1)).

Keep increasing 7 until the newest pair becomes (I,05).
Starting from the second step, the upper bound value keeps
strictly increasing. Since it requires at least two steps to reach
(12, 62), this lemma is proved. O

Remark 6: The trajectory of the pairs on the (6, I') plane is a
staircase.

Thus, if the upper-bound function ¢(-, -, -) in (50) can be de-
termined, one gets a best performance bound, which can be used
to derive a necessary condition for successful decoding. Next,
we will show that this bound is tighter than the best performance
bound in [17]. At any iteration, assume the upper bound on the
average mutual information of variable-to-check messages is

oo
I’U(‘,: E )\kl1m,k~
k=1

Consider a degree d check node. In [17], the upper bound on the
mutual information of check-to-variable messages is obtained
when all incoming messages are BSCs with mutual information

65

1. In our method, we take into account another quantity 6.,
which is an upper bound on the average conditional second mo-
ment of variable-to-check messages (in the soft-bit domain)

evc = io: )\kgvc,k-
k=1

If we can show that 6,,. < ®(I,..), then by Lemma 15, the upper-
bound value in (47) for (I, 0,.) is smaller than the upper-
bound value for (1., ®(1,.), which corresponds to the case of
all BSCs. In other words, our method gives a better bound. Thus,
it is enough to show 6,,. < ®(I,.). By Theorem 1 and Lemma
4, it is easy to see that

Ivc,k S gvc,k S (I)(Iuc,k)-

To achieve I, 1, there must be at most one non-BEC channel
among the incoming message channels and the communication
channel. It means that the outgoing message cannot be a BSC.
Thus, Oyc . < ®(Iyc,r). Now we have

(b(lvc) = (P(Z )\klnc,k)
k=1
Z Z )\kq)(lvc,k)
k=1

> Z )\kevc,k = ch
k=1

where the second step is due to the concavity of ®(z) in
Lemma 4. Thus, we have shown our method potentially gives a
better best performance bound.

To obtain a worst performance bound, the procedure is sim-
ilar. At a variable node, the lower bound on the mutual informa-
tion of an outgoing message is obtained when all incoming mes-
sage channels are BSCs, and computed according to (31). Simi-
larly, we need to find a lower bound (i.e., minimum) 9~UC, . on the
conditional second moment of an outgoing variable-to-check
message (in the soft-bit domain), given the mutual information
I v of incoming messages. At a check node, the lower bound on
the mutual information of an outgoing message is computed by
(48). We can also show a similar version of Lemma 18 for the
lower bound (48) and that our method potentially gives a better
worst performance bound, compared to [17]. The key is to show
é’uc > fuc-

Finally, the independence assumption on channels in the orig-
inal and extended information combining problems is satisfied
since it is well known that the decoding neighborhoods (for any
fixed depth) of a very long ensemble of LDPC codes are asymp-
totically tree like [5].

A. Bounding the Conditional Second Moment at a Variable
Node

As pointed out before, we need to solve the following
problem.

Problem 8: Assume the communication channel is given. For
a degree d variable node, the first d — 1 incoming message chan-
nels have the same mutual information I 4, but their distributions
are unknown. Let T q indicate the soft bit of the dth outgoing
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variable-to-check message. Find the maximum and minimum of
the conditional second moment my of T 4.

Let X indicate the BPSK-modulated code bit represented by
that variable node and Y; indicate the incoming messages. As
shown in Section IV,

MMSE = 1 — ms.

Thus, the optimization of my is equivalent to the optimization of
MMSE for the estimation of X from Y7, ..., Y,;_;. Intuitively,
as I 4 increases, both the maximum and minimum of MMSE
will decrease. It means both the maximum and minimum of m»
will increase, as I 4 increases.

IX. CONCLUSION

In this paper, we have studied an extremal problem of mo-
ments. Among all binary-input symmetric-output channels with
a fixed mutual information value, the BSC and BEC have been
shown to maximize and minimize the conditional second mo-
ment of the channel soft bit, respectively. We have also de-
termined the ordering between the moment sequences of the
BSC (or BEC) and an arbitrary binary-input symmetric-output
channel (with the same mutual information). The connection be-
tween the extremal problem of moments and a related MMSE
estimation problem has been found.

We have used the results on moments to solve the information
combining problem (of the type in [17]) at the check nodes of
LDPC codes. Namely, for the information combining at a check
node of an LDPC code, the BSC and BEC are the most and least
informative channels, respectively. Aiming at obtaining a better
prediction of the convergence behavior of the belief propaga-
tion decoding of LDPC codes, we have extended the information
combining problem at the check nodes by adding a constraint on
the conditional second moment of the channel soft-bit. To solve
the extension problem, first, an extremal problem with respect to
the conditional fourth moment was solved, then the ordering be-
tween the moment sequences of an extremal distribution and an
arbitrary distribution (of course, satisfying the constraints) was
determined. We have also derived the formulas for computing
the maximum and minimum of the extension problem. The re-
sults have been used to bound the CND EXIT function with
Gaussian priors. Along with the results of information com-
bining at the variable nodes (the BEC and BSC are the most
and least informative channels, respectively), the results from
the extension problem have been used to derive the best and
worst performance bounds of the belief propagation decoding.
The performance bounds are expected to be better than the per-
formance bounds derived in [17], provided that Problem 8§ is
solved. We will leave this as future work.

APPENDIX |
TCHEBYCHEFF SYSTEMS

Tchebycheff systems have broad applications in a wide va-
riety of subjects, for example, the theory of approximations,
boundary value problems, and the theory of inequalities. For a
good introduction into the theory of Tchebycheff systems see
for example [21], [22]. In our research on extremal problems

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 54, NO. 1, JANUARY 2008

of moments and information combining, Tchebycheff system
theory plays an important role. For the sake of completeness, in
this appendix, we will summarize some of the key concepts and
results of the theory.

Definition 1: A set of real continuous functions {u;(¢)}7,
defined on a real closed finite interval [a, b] is called a Tcheby-
cheff system (T-system) [21], [22] if every nontrivial real linear
combination Y-, a;u;(t) has at most n distinct zeros in [a, b].

It is easy to show that {u;(¢)}?_, is a T-system if and only if
the determinant

ug(to) wo(t1) g (tn)
ger | 10 vl el 51)
un(tg) un(tl) Uy, (tn)

does not vanish whenever a < tg < t; < --- < t,, < b. Since
the determinant (51) is a continuous function of ¢;, it is equiv-
alent to requiring that the determinant (51) maintains a fixed
strict sign over variations of ¢;. Without loss of generality, we
will assume that the sign is positive. Thus, we have the following
equivalent definition of T-systems.

Definition 2: {u;(t)}_, is called a T-system if the deter-
minant (51) is strictly positive whenever a < tp < t1 < --- <
tn < b.

The following definition introduces an important concept of
distribution.

Definition 3: [21, p. 15] A distribution o(¢) on [a,b] is
a nondecreasing, right-continuous (except at the left endpoint
a) function. For a distribution o(¢), the mass at a point { €
(a,b] is o(§) — o(§ — 0), and the mass at the left endpoint a
iso(a+0) —o(a).

The notations o({ — 0) and o(a + 0) indicate the left and
right limits, respectively. Note that a distribution is not neces-
sarily a probability distribution (total mass on [a,b] is 1, i.e.,
ff do = 1).

The moment space M, 1 induced by the T-system

fu(t) g s
MnJrl =

b
{(co,...,cn) |ci:/u,;(t)do(t), 0 €Sq, Ogign} (52)

where Sy is the set of all valid distributions (the subscript “d”
indicates “distribution’). One can show that geometrically the
moment space M., 1 is a closed convex cone.

Assume ¢ = (cg,¢1,...,¢n) € My (such a ¢ is called a
“positive sequence” in [21]). Define a set V(¢) to be

b
Vie) = {J|/ w;(t)do(t) = ¢;,0 < i < mn}.

In general, V(c) contains either one distribution or infinitely
many distributions. V' (c) consists of a single distribution if and
only if ¢ is a boundary point of M,, 11 (such ¢ is called a “singu-
larly positive sequence” [21]). V' (¢) consists of infinitely many
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distributions if and only if ¢ is an interior point of M, 11 (de-
noted by ¢ € IntM,, ;1) (such ¢ is called a “strictly positive
sequence” [21]).

Assume {u;(t)}7, is a T-system. Let o be a distribution
in V(¢). If o(¢) is a distribution with finitely many points of
increase a < t1 < to < --- < t,,, < b, we have

b m
ci:/ w(tdo(t) =3 pru(te), 0<i<n, (53)
va k=1

where py, is the mass at the point ;. We will say that (53) is
a representation of ¢. The points {¢; }7" are called roots of the
representation and o (t) is called the distribution associated with
the representation. As in [21], an index function €(t) is defined

0={i

The index of the representation (53) is defined as the sum
> ope, €(ty). Obviously, it is equal to either 2m, 2m — 1, or
2m — 2.

Lemma 19: ([22, Theorem 2.1] or [21, Theorem 4.1, Sec.
I11.4]) ¢ is a boundary point of M, 1 if and only if it admits a
representation of index not greater than 7.

a<t<b
t=a, b.

If ¢ is a boundary point of M,; then, since V(c) con-
tains only one distribution, ¢ admits a unique representation. If
¢ € IntM, 41, then ¢ admits infinitely many representations.
Among them, there are two important types of representations,
namely, a canonical representation and a principal representa-
tion. If the index of a representation is not greater than n + 2,
the representation is said to be canonical. If the index is equal
to n + 1, the representation is said to be principal. By Lemma
19, it is obvious that n + 1 is the smallest possible index for
an interior point of M,, 1. Furthermore, if a canonical or prin-
cipal representation has a root at the right endpoint b, it is further
called an upper canonical representation or an upper principal
representation. On the other hand, if b is not a root, it is fur-
ther called a lower canonical representation or a lower principal
representation.

Theorem 6: ([22, Corollary 3.1, Sec. I1.3] or [21, Theorem
5.1, Sec. II1.5]) For each ¢ € Int M, 41, there exist exactly one
lower principal representation and exactly one upper principal
representation. The roots of these two representations strictly
interlace.

The following theorem characterizes the roots of these two
principal representations.

Theorem 7: ([21,p. 771, [22, p. 45]): The roots of lower and
upper principal representations have the following properties.
1) For n odd (n = 2q — 1):
¢ lower principal representation: all mass is concen-
trated at ¢ interior points of [a,b], i.e., a < 1 < t2 <
e <ty < by
e upper principal representation: all mass is concen-
trated at ¢ — 1 interior points of [a, b], and at both end-
points a, b,i.e.,a =51 < 52 < -+ < 54 < 5¢41 = b.
2) For n even (n = 2q):
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* lower principal representation: all mass is concen-
trated at ¢ interior points of [a, b], and at the endpoint
a,ie,a=1 <ty <--- <tggr < b;

e upper principal representation: all mass is concen-
trated at ¢ interior points of [a, b], and at the endpoint
bie,a <51 <sp<---<8g <541 =0

It is easy to verify that all the above forms of representations
have an index equal to n + 1.

Let Q(t) be a continuous function and {u;(¢)}", be a
T-system and let ¢ € M,,41. The following theorem deter-
mines the maximum or minimum of the integral

/ b Q(t)do(t)

where o (t) belongs to the set V'(¢). For convenience, we define
Unt1(t) = Q(2).

Theorem 8: (|21, Theorem 1.1, Sec. IV.1], [22, Theorem
1.1, Sec. IL1]) Let ¢ = {co.c1,...,cn} € IntMypq. If
both {u;(t)}?_, and the augmented system {u;(t)}!%; are
T-systems

max
o€eV(c).

b
/ Q(t)do (t)
is attained uniquely for the distribution ¢* associated with the
upper principal representation of ¢, and

b
min / Q(t)do ()

oeV(e) Ja

is attained uniquely for the distribution o, associated with the
lower principal representation of c.

It is remarkable that as long as the augmented system
{u;(t)}74 is a T-system, the maximizing and the minimizing
distributions (¢* and o) are independent of the function 2(¢).

APPENDIX II
PROOF OF LEMMA 2

Let0 <ty <t <ty <tz3<landay=1t}for0<k<3.
For the system {ug(t) = 1,ui(t) = t%,ua(t) = t>"} with
n > 2, we have

uO(tg) ug(tl) UQ(tQ)

A = det Ul (fg) ul(tl) ul(tZ)

’l@(to) u2(t1) u2(t2>
1 1 1
=det | t3 7 13
A

= ] @-a)- > afaie?
0<i<y<2 io+ii+ia=n—2

where 79, i1, and 75 are nonnegative integers. Thus, A > 0 and
{1,#%,t?} is a T-system.
For the system

{uo(t) = 1Lus(t) = %, ug(t) = t*,us(t) = £*"}
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with n > 3, it can be shown that

1 1 1 1

2 2 2 2
A=det| 4 b 2
noHonoh
n n n n
$2n g3 g3 2
_ ) - i0 11 12 13
= | | (aj —a) E Qg ay ay ag
0<i<y<3 ig+i1+iz+izg=n—3

where 75, 0 < k < 3 are nonnegative integers. Thus, A > 0
and {1,#2,t* >} is a T-system on [0, 1].

A more general proof is as follows. Let A = [a; ;] beann xn

matrix with entries a; ; = t]’ owhere 0 < tp <t < --- <
tn—1 < 1 and integers r; satisfy 0 < rg < 11 < -+ < rp_1

Let V = [v; ;] be the Vandermonde matrix with v; ; = t;:ll
By the theory of generalized Vandermonde determinants [27],
we have

det(A) = det(V)S(t07 tl, e 7tn,1)

where s(to,t1,...,t,_1)isahomogeneous symmetric function
[28] with positive coefficients (called the Schur function). Since
tg < t1 < --- < tn_1,wehavedet(V) > 0.Furthermore, since
all ¢; belong to [0, 1], we conclude that s(tg, t1, ..., tn—1) > 0.
Thus, det(A) > 0.

APPENDIX III
PROOF OF LEMMA 9

For convenience, we call Zzl a;b;z; the target value for a
sequence {z;}. First we prove the following lemma.

Lemma 20: Ifa; > 0,a2 > 0,b1 > by > 0,21 >y, >0,
0 < z3 < Y2, 171 + a2w2 = aiy1 + ay2, then

a1biz1 + a2baza > a1biyr + azbays.

A necessary and sufficient condition to achieve equality is
b1 = ba.
Proof:

a1b1z1 + agbazs — (a1b1y1 + azbayz)
=bi(a121 + asxs) + azza(by — by)
—bi(a1y1 + azy2) — azy2(b2 — b1)
=as(z2 —y2)(by —b1) >0

Since as > 0 and zo — yo < 0, the necessary and sufficient

condition to achieve equality is bs — b; = 0. O
Pick the pairs (21, zr+1) and (y1, Yg41)- If
121 + Gk 41Tk+1 = A1Y1 + Ak 1Yk+1
then define 4;+1 = Tx41 and solve
a191 + Ak+1Yk+1 = @191 + Gk41Yk+1 (54

to obtain that
- Af41
y1=y1+ a—(yk+1 — Tpq1) < 21
1

It is easy to see that §x+1 < yr+1 and y; > y1. Along with (54)
and Lemma 20, we conclude that

a1b191 + ap1bp1Uk1 > a1biyr + app1bprayesr.  (55)
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Overall, the new sequence

100 - .
{yJ( )}jzl = (J1,Y25 -+ > Yb» Ubt15 Yk 425 - - -)
satisfies
Zaiygl) = Zaiyi (56)
> abiyt > Zaz Y- (57)
i=1

Ifa1z1 + ap+12641 < a1Y1 + Gp+1Yk+1, then define y; = 24
and solve (54) to obtain that

a1

Yk+1 = Yrt1 + . (y1 — 1) > Tp41.

k+1

It is easy to see that §x4+1 < Yr+1 and y; > yi. So similarly,
(55), (56), and (57) hold. Therefore, the operation on the pair
(y1, yr+1) leads to a new pair and sequence which has a larger
target value as shown in (57).
Next, if y < 1, we pick the pairs (z1,2)2) and
(t (W ); if (1)
yYreto)s W Y
and (ys (1 ),y,(cjl) if y( ) = = z; and y,(clle = 41, we pick the

(y y,(clﬁz) Then we repeat the same

> %41, we pick the pairs (9, Tgy1)
pairs (z3,%g4+2) and

process as described above to obtain a new sequence {y( )}
satisfying

j{: aiyV

Lyl (58)

EM8

(59)

az iY;

As the operations continue, {yj(m) 221 converges to {7 }72,

as mn goes to infinity, and the target value Y ;2| a;b; yi(m) is non-

decreasing in m. It follows that

>

=1

oo
aibiy; < S, = Zaibiil?i-

i=1

S, =

In order to achieve S, = .S, in each step of the operation the
target value of the newly obtained sequence should remain the
same as the old sequence. By Lemma 20, it requires b; = by =

- = by, = bpy1 = -+ -. On the other hand, if by = by =
by, = bpy1 = - -+, itis trivially true that S, = S,.

This concludes the proof.

APPENDIX IV
PROOF OF LEMMA 14

Define
Aw,?i = 7’77/“,’21', - mm,Zi—‘,—2
, 2 2
_ 21 2142
= (51 Pw,1—1+81 +p2) — (51 pw11+sl + p2)

=57 2pui(1 - 51);
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thus, {A,, 2;} is a geometric sequence. Define A, o; = my, 2; —
mp,2i42-

Lemma 21: There are two possible types of ordering for
{Aw2i}72; and {A) 2},
1) Aw’gi > Ap,gi for 1 < i < ko, and Aw,Zi < Ap,gi for
1 > ko;
2) Aw,zi > Ap’zi for 1 < i < kg, Aw72k0 = AP,Zko and
Ay 2i < Ap o fore > ko;
where ky is an integer depending on p.
Proof: Obviously, we have

Y Ausi=mws=0=mys=Y Apa.  (60)
=1 =1

By Theorem 4, we obtain
Aw’Q =0 - mw74 > 60— Mp 4 = Ap2~

Based on these two facts, the remaining proof is similar to the
proof of Lemma 7. O

Since p € S, we have M2 = Mp o = 60 and

1 — 1
— N myai=1a
1n2§2i(2i—1)mp’2 -1

Il — 1
= =N . (6]
1n2;2i(2i—1)m 2 (6D

By Theorem 4, one has 1,4 < my 4. Thus, for (61) to hold,
after the fourth moment, there should exist at least one moment
for p to be not greater than its counterpart for Py ,,. Letting the
smallest index for such a moment be 271, then there are two
possible cases.
1) ﬁlw,Zil > My 24, -
By the definition of 71, one has 1,2, < My, 9; for2 <14 <
11. It is easy to see that

A 20y —2 =T 24y =2 — M, 24,

<My 2i,—2 — Mp.2i, = Dy 2i 2. (62)
By Lemma 21, one has
Ay 2i; < Ap o,
Then one obtains
Maw 20142 = Maw 2i; — Dw 24
> Mp 24, — Ap,Zil = Myp 2, +2- (63)

Using the above argument repeatedly and sequentially for
1 > 41 +2, one can conclude that 17, 2; > my 2; fors > 4.
This concludes the proof of the first case of Lemma 14.
2) My 2i, = My 2i,
The remaining proof is exactly the same as in the first case.
Thus this lemma is proved.
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APPENDIX V
PROOF OF LEMMA 15

We know that T4 and 6 should satisfy 14 < 6 < ®(I4).
Thus, for a fixed #, I 4 should satisfy ®~1(f) < I, < 6. By
definition of f(x) in (35), we have

L h[(1 - 1)/

d—1y\ __
f(tl ) - (t(i{_l)2

Thus
L—h[(1—t{7")/2] = fF{H (>

The upper bound (47) can be rewritten as

JEU=(9)M4ﬂﬂ*xﬁ*V

&
1
=00 f (5.

As 14 increases and 6 is fixed, t; = f~1(£2) strictly increases
and so does f (t‘f_ ). Thus, I E,U is a strictly increasing function
of I A-

Now fix I4 and allow 6 to change provided that
I, < 6 < ®(I4). For convenience, we write the com-
plete upper bound (47) as a function of 6, i.e., Ig 7(#). The
right endpoint of the feasible interval corresponds to all BSCs,
which strictly maximizes the extrinsic mutual information
among all channel combinations subject to mutual information
constraints (see Section VI). Thus

IE’U(H = (I’(IA)) > IE,U(G = .17),

The left endpoint corresponds to all BECs, which minimizes
the extrinsic mutual information among all channel combina-
tions subject to mutual information constraints (see Section VI).
Since for & > I4, no channel could be a BEC; therefore, we
have

IE’U(H = IA> < IE,U(H = :E), T € (IA.,(D(IA)].

It remains to show that I ;7(6) is a strictly increasing func-
tion when 6 € (14, ®(I4)). Recall that P, is the type of maxi-
mizing distribution to Problem 5 and determined by (32)—(35).
We first prove the following lemma.

Lemma 22: Assume (X7i,...,X4) be a codeword of a
[d,d — 1] single parity-check code. The first d — 2 channels
X, — Y, 1 <4 < d-— 2 are fixed and each channel has a
positive mutual information. Let 85 > 61, P, and P; indicate
the P, distributions corresponding to (74,65) and (14,6;),
respectively. Let I o and Ig; indicate the extrinsic mutual
information I(X4; Tr,4) Wwhen X4_1 — Y;_q has the channel
distribution P, and Py, respectively. It is true that I o > I ;.

Proof: Since 62 > 61, by (32), P, has a smaller ¢; value
than P;. Since the moment sequences for P, and P, have the
form {#t? 7215, , i.e., a geometric sequence, it means that Py’s
sequence has a larger initial value but decays faster than P;’s
sequence. We can easily conclude that the moment sequence of
P5 and the moment sequence of P; have the same two possible
types of ordering as in Lemma 7. Since they have the same mu-
tual information 74, by Lemma 9, we have Ig » > Ig 1. O

x € [IA,‘I’(IA)).



70

Recall that when all of the first d — 1 channels have the
same P, distribution, I(X4;Tr,q) becomes Ig . For 64, it
means they all have the channel distribution P;. For 65, they
all have the channel distribution P». Starting from all P; distri-
butions, we can replace a P; channel by a P> channel. By the
preceding lemma, we get a larger extrinsic mutual information
I(X4; Tg,q4). Repeat the procedure d — 1 times and I(X 4; T q)
keeps strictly increasing. As a result, all d — 1 channels have
the same channel distribution P, and I(X4; Tr 4) becomes the
upper bound for #,. Therefore, I iy for 6, has a larger value
than /g ¢y for 8;. This concludes the proof.

APPENDIX VI
PROOF OF LEMMA 16

Assume 6 is fixed. For convenience, we define the following
function:

o, Ia=0
moi(La) = 2]?74;,18%1/(1 +51)+p2, PO <Ia<b
92, Iy = @71(9)

Namely, when 14 = 6, mo;(14) is the 2ith moment for a BEC.
When T4 = ®1(f), my;(I4) is the 2ith moment for a BSC.

When ®1(0) < Iy < 6, mo;(14) is the 2ith moment for a P,
channel corresponding to (74,6), i.e.,
2pw.1 2
i(la) = ——=s7"'
mai(14) 1+3181 + p2
_ 0 s%b 0 — s%
1- s% 1—s?

—H—I—Zs (0 —1).

For a fixed 6, it is obvious that s; = g~} ((1—14)/(1—6))isa
strictly decreasing function of I4. Due to § < 1, fori > 2,
ma;(14) is a strictly increasing function on (®~1(6),6). We
also have for ®=1(f) < I4 < 6

0<81<\/§

and
9+Z

Thus, we have shown that mo;(14) is a strictly increasing func-
tion on [®~1(6), d].

Recall that the lower bound I, 7, is equal to the extrinsic mu-
tual information I(X4; T q4) when all of the first d — 1 chan-
nels are BECs, or of the same P,, distribution, or BSCs. Thus,
by (12), I 1, can also be computed as

=6 < myi(14) < 6.

1 o0
Ip(1a) = Z g (14)* L
n?2 p i(20—1)

As shown above, 1o, (1 4) is a strictly increasing function of 1 4.
Thus, we can conclude I 1,(14) is a strictly increasing function
of 14 as well.

Now assume [ 4 is fixed. Based on the same argument as in
Section V, it suffices to show that I g ¢7(6) is a strictly increasing
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function on (14, ®(14)). Let 6 > 6;. P, and P; indicate the
P, distributions corresponding to (I 4, 02) and (14, 61 ), respec-
tively (determined by (36)—(39)). We first show this lemma.

Lemma 23: Assume (Xi,...,X,) be a codeword of a
[d,d — 1] single parity-check code. The first d — 2 channels
X; — Y;, 1 <14 < d— 2 are fixed and each channel has a
positive mutual information. Let Iz > and Ig; indicate the
extrinsic mutual information I(Xg4; Tg a) when Xq_1 — Yq_4
has the channel distribution P> and P, respectively. It is true
that IE_VQ > IE,l-

Proof: Let {mzt }22, and {mgl)}o"l be the moment
sequences for I, and P, respectively. Let {Agl) 2o and
{Agp}fio be the corresponding A sequence defined in

(2) (1)

Lemma 13. Since my~ = 3 > 61 = my~, we have

AP < Al

Both A sequences are geometric sequences. Since P> has
a larger s; value than P, {Aéli) 2, decays faster than
{Ag) 2o- Since

S AP -

=0

SoAl -

=0

it is easy to see that these two A sequences have the following
two possible orderings:
1) ALY > AP for0 < i < ko, and ALY < AL
2) A%Z Ag’? for1 < i < ko ,AZQO = A(,f
Agf) fori > ko;

) for i > ko;
and AS} <

where k is an integer depending on 6; and 65. Since mé ) >
mgl), and

(1) _

Ma;

m?

Mo,

1 oo
__zz:: (20— 1)

based on the same technique as in the proof of Lemma 14, it
is easy to conclude that the two moment sequences have the
following two possible orderings:

1) m% ) > mgl) for1l <4 < ky,and mg) < m;) fori > kq;
2) m;) > mg Jfor1 < i < ky, mgi) = mé}c) and mg) <

mél) fori > ki

where ki1 is an integer depending on 6; and 6. Thus, by
Lemma 9, we have Ig > > Ig ;. O

Recall that when all of the first d — 1 channels have the
same P,, distribution, I(X4;Tg 4) becomes Ig 1. For 6y, it
means they all have the channel distribution P;. For 65, they
all have the channel distribution P%. Starting from all P; distri-
butions, we can replace a P, channel by a P, channel. By the
preceding lemma, we get a larger extrinsic mutual information
I(X4; Tg.q). Repeat the procedure d — 1 times and I (X 4; T q)
keeps strictly increasing. As a result, all d — 1 channels have
the same channel distribution P, and I(X4; T 4) becomes the
lower bound for . Therefore, Ir 1 for 6, has a larger value
than Ig 1, for 6. This concludes the proof.
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